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Experimental determination of shock speed versus exciter speed in a two-dimensional dusty plasma
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A shock that is continuously driven by a moving exciter will propagate at a speed that depends on the exciter
speed. We obtained this dependence experimentally, in a strongly coupled dusty plasma that was prepared as a
single two-dimensional layer of charged microparticles. Attaining this result required an experimental advance,
developing a method of driving a shock continuously, which we did using an exciter moving at a constant
supersonic speed, analogous to a piston in a cylinder. The resulting compressional pulse was a shock that
propagated steadily without weakening, ahead of the moving exciter. We compare our experimental results to an
empirical form Mg,oex = 1 4 SMexcirer, and to the prediction of a recent simulation.
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I. INTRODUCTION

Shock waves are strongly nonlinear pulses that propagate
at a supersonic speed. Shocks can be generated either impul-
sively or continuously, according to whether the energy input
is, respectively, momentary (e.g., an explosion) or sustained
(e.g., amoving piston). Many kinds of substances can support
shocks, including obviously gases [1,2], as well as solids [3]
and plasmas [4]. Shocks generally have a spatial feature with
a large gradient, which is often modeled theoretically as a
discontinuity, and this feature moves through the medium at
a supersonic speed, with a speed vgpock -

There is a traditional empirical relationship between the
shock speed wvshock and the speed of the particles (i.e.,
molecules) Vpariicles i the substance just behind the moving
shock. This expression is linear

Ushock = @ + SUparticles- (D

Historically, the use of Eq. (1) dates back to sometime before
1963, when Alder [5] mentioned that it had been experimen-
tally observed in many substances. A theoretical justification
for Eq. (1) was presented in 1967 by Ruoff, using a derivation
that included a series expansion [6]. Ruoff also listed some
of the substances in which this expression had previously
been observed experimentally, and these included pure metals,
alloys, ionic solids, covalent solids, and various liquids [6].
The usefulness of this expression was extended later to also
include shocks in water [7].

For continuously driven shock waves, produced by an
exciter moving at a steady speed vVexciter, EQ. (1) can be shown
(see Ref. [8] for Supplemental Material) to be equivalent to

Mok = 1 + sMexciter- 2
Here,
Mhock = VUshock/Ci
and
Mexciter = Vexciter/ €15

where ¢; is the longitudinal sound speed.
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In this paper, we present experimental results for a contin-
uously driven shock wave in a two-dimensional (2D) dusty
plasma, which was made possible by using a new kind of
moving exciter. We compare the linear relationship, Eq. (2),
with the experimental data. We also compare our results with
those of a recent simulation [9]. We will next explain the type
of plasma what we use in our experiment.

Plasmas are, generally speaking, comprised of multiple
charged species, which can be weakly or strongly coupled.
Weakly coupled plasma species have a random kinetic energy
that greatly exceeds the interparticle Coulomb potential en-
ergy, which is to say that they are not dominated by Coulomb
collisions. Strongly coupled species have the opposite con-
dition; their Coulomb interparticle potential energy exceeds
the thermal energy so that neighboring particles influence
one another greatly. Strong coupling leads to solid or liquid-
like behavior, unlike the gas-like behavior that is typical
under weak coupling. Due to their low mass, electrons are
usually weakly coupled, but heavier charged species can be
strongly coupled, as in laser-cooled non-neutral plasmas [10],
interiors of giant planets or white dwarfs [11,12], and the
warm dense matter generated by intense laser pulses applied
to solid surfaces [13—15]. All of these plasmas can sustain
shocks.

Dusty plasma is another kind of plasma that can sustain
a shock [16—46]. Sometimes called complex plasma or fine-
particle plasma, a dusty plasma is comprised of electrons,
ions, neutral gas molecules, and solid particles of microscopic
size [47-53]. By collecting electrons and ions, these solid
microparticles gain large electric charges and thereby be-
come strongly coupled [11,49,51,52,54]. This strong coupling
allows dusty plasma experimenting to serve as a tabletop
approach for disentangling effects that complicate strong cou-
pling in warm dense matter [55]. In a dusty plasma, the strong
coupling can reach such great levels that the particles self-
organize into a solid or liquid-like structure [56—68]. The large
charge of the microparticles also allows the experimenter to
levitate them, against the downward force of gravity, by using
an electric force, which is strongest near the boundary of

©2020 American Physical Society


https://orcid.org/0000-0002-2537-4952
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.101.043211&domain=pdf&date_stamp=2020-04-28
https://doi.org/10.1103/PhysRevE.101.043211

ANTON KANANOVICH AND J. GOREE

PHYSICAL REVIEW E 101, 043211 (2020)

the plasma, at the sheath edge. By configuring the confin-
ing forces, so that the confinement is strong in the vertical
direction and weak in the horizontal direction, we are able
to levitate a single layer of microparticles, so that we have
prepared a 2D dusty plasma.

Shocks have been observed in dusty plasma experiments
having a compressional pulse propagating at a supersonic
velocity (Mghock > 1) relative to the microparticle cloud as a
whole. The relevant sound speed for the supersonic condition
is the one for longitudinal motion of the microparticle species,
which is typically ¢; &~ 2 cm/s. Such shock experiments have
been performed for several plasma configurations, with the
ionization sustained by either dc [20,21,25,27,28,69] or rf
[16,17,19,23,24] power, and microparticle clouds that filled
either a three-dimensional (3D) volume [18,20-22,25-30,69]
or a 2D monolayer [16,17,19,24].

Previous experiments with shocks in 2D dusty plasma
involved Mach cones [16,17,23,24] and blast waves [19]. A
Mach cone is created by a supersonic moving disturbance
analogous to an airplane, while a blast wave results from
a localized impulsive event, like an explosion. Blast wave
experiments were performed by Samsonov et al., who relied
on a pulsed voltage applied to a wire which was not moving,
but was stationary [19]. The resulting compressional pulse
had a speed exceeding the microparticles sound speed, with a
Mach number as high as Mok = 2.7. This supersonic speed
for the pulse, along with a sharp gradient (jump) in a hydro-
dynamic parameter, allowed Samsonov ef al. to identify their
blast-wave pulse as a shock. Due to the impulsive generation
method, these blast waves had an amplitude that was highest at
the beginning of the propagation, gradually becoming weaker
closer to the end [19].

Our experimental goal, to measure the dependence of
shock speed on the exciter’s speed, requires not a blast wave,
but a continuously driven shock, one that is sustained by an
exciter moving at a steady and controllable speed. This is
analogous to an exciter piston moving steadily at a supersonic
speed in a cylinder of gas, which is a common textbook topic
[1,70].

Previous experimenters achieved continuously driven
shock waves in dusty plasmas that are 3D, i.e., with more than
one layer. The microparticle cloud moved past a stationary
obstacle due to an external force, provided either by a neutral
gas pressure gradient [28,30] or by tilting the lower electrode
[29]. Such schemes have been demonstrated to drive a useful
shock wave in a 3D microparticle cloud, but not yet in a 2D
cloud.

Generating a continuously driven shock wave in a 2D cloud
is made possible for our experiment by an instrumentation
advance: the development of a method of driving a shock
continuously. Previous experiments with shocks in 2D dusty
plasmas did not use an exciter that was moving, as ours does,
at a steady and controllable speed.

Our advance in the experimental method was made possi-
ble by using, as a moving exciter, a wire that was propelled
mechanically. The wire itself was similar to that of Samsonov
et al., but ours was not stationary. It was mounted on a
motorized probe drive capable of sustaining a steady speed,
which was supersonic as compared to the sound wave in the
dust component.

II. RECENT SIMULATIONS

Our experiment is motivated by recent simulations, which
all used a charged exciter moving at a steady supersonic
speed to excite a shock in a 2D dusty plasma. A series of
three simulation papers began with Tiwari and Sen [71] and
Marciante and Murillo [72]. The latter authors identified a
need for dusty plasma experiments with a continuously driven
shock, analogous to a piston-driven shock in a gas cylinder,
and they noted that such an experiment would open the door to
close comparison with simulations [72]. This need is fulfilled
by the experiment we report here.

The most recent simulation, by Lin ez al. [9] had, as a major
result, a graph of the shock speed’s dependence on the mean
particle speed measured at a location after the shock. The
authors of [9] prepared such graphs for a range of parameters
spanning liquid-like and solid-like conditions. They fit their
simulation results to an empirical form:

D = Cy + By + A%, 3)

where Cy, B, and A are fit coefficents, and D and v are shock
speed and the mean particle speed behind the shock, both
normalized by the product of Wigner-Seitz radius and nominal
plasma frequency awpq. Physically, Eq. (3) is essentially a
generalization of Eq. (1) by adding a quadratic term, although
the authors of [9] did not mention this.

In this paper we seek to compare our experimental results
not only to the traditional empirical relationship of Eq. (2),
but also the recent suggestion of Eq. (3). However, we need to
express Eq. (3) in another form, in terms of our observables
Mok and Mexcier- To do so, we make two substitutions.
First, we replace the particle speed v behind the shock with
the exciter speed. The suitability of this substitution was
confirmed by the simulation of [9] for a 2D dusty plasma,
as well as standard textbooks for other substances [2,70].
Second, the coefficient Cy in Eq. (3) was explained by Lin
et al. to correspond to the physical sound speed, expressed
in units of awpq [9]. For this reason, we can replace v with
CoMexciter, and we replace D with CoMgpock. After these two
substitutions, Eq. (3) takes the form suitable for comparison
with our experiment

Mok = 1 + BMeyciter + ACoM? )

xciter *

III. EXPERIMENT
A. Dusty plasma preparation

Argon gas at a steady pressure of 1.8 Pa was partially
ionized by radiofrequency (rf) power at 13.5 MHz applied
to a horizontal lower electrode. The other electrode was the
grounded vacuum chamber. The rf peak-to-peak voltage was
constant at 184 V. Using capacitive coupling, a dc self bias of
—85.5V developed on the lower electrode.

Spherical melamine-formaldehyde microparticles were
dispensed from a shaker located above the plasma. As they
fell, the microparticles acquired a negative electric charge,
allowing them to settle in a single horizontal layer at a stable
height a few mm above the lower electrode, where an upward
electric force balanced downward gravity, as schematically
shown in Fig. 1. In this respect we made a 2D dusty plasma,
where the microparticles occupied a 2D layer immersed in a
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FIG. 1. Experimental setup. A horizontal exciter wire was moved
in the positive x direction. Its support structure is drawn to scale,
while other features are only sketched schematically. A 2D layer
of microparticles was levitated in the upper part of the sheath,
sketched as a dashed line, above the powered rf electrode in a vacuum
chamber. The sheath had a gentle bowl shape, due to a combination
of a strong vertical electric field and a weaker horizontal component,
which confined microparticles laterally. The Supplemental Material
[8] includes photographs of the chamber, top-view camera, and
optics for illuminating the microparticles.

partially ionized argon plasma, which filled the chamber. The
microparticles were monodisperse, with a 8.69 um diameter,
and a 5.2 x 1073 kg mass. They experienced gas drag force
with a coefficient (force divided by momentum) that we
calculated as 2.4 s~!, for our gas pressure.

We verified that the cloud of microparticles formed a single
horizontal layer by imaging it by a side-view camera. One
advantage of a single layer is its tendency to form a stable
2D crystalline lattice, which was triangular with six-fold
symmetry, i.e., hexagonal. Images of this crystalline lattice are
shown in the Supplemental Material [8].

B. Measurement method

In order to measure the parameters of the microparticle
cloud and the propagating pulse, we imaged the microparticles
directly, using video microscopy [73-75]. This was possible
because micron-sized particles scatter light so that they were
easily seen, and they moved slowly, typically <1 m/s. We
obtained spatiotemporal measurements not only of the entire
particle cloud, but also the positions and velocities of individ-
ual microparticles [73-76]. Measurements of this kind have
been used by many experimenters [58,77-82]. This approach
is especially well suited for 2D dusty plasmas, where the
microparticles all lie in a single plane, so that they all can be
imaged.

To allow video microscopy, the cloud of microparticles
was illuminated by a 532-nm continuous-wave laser. This
illumination beam was shaped into a horizontal sheet with a
vertical thickness of 1 mm, which was sufficient to avoid the
previously reported problem of microparticles vanishing from
view during a shock’s propagation [19].

A high-speed camera imaged the microparticle cloud from
above. We used a 12-bit monochrome Phantom Miro M120
with a 105-mm macro lens and a bandpass filter. The cam-
era’s field of view (FOV) was 41 x 31 mm, including 22000
microparticles in the early portion of a shock’s propagation.
(A cloud size of a few thousand microparticles was previously

shown experimentally [19] and in a simulation [72] to be large
enough to sustain a shock wave.) The FOV’s lower-left corner
defines the origin of our x-y coordinate system. The camera
recorded at 870 frames/s, with an exposure time (acquisi-
tion time) of 1000 us per image, which was short enough
that moving microparticles never appeared elongated in our
shocks. Further apparatus details are in the Supplemental
Material [8].

Particle tracking velocimetry analysis yielded the positions
and velocities of microparticles in each video frame. Posi-
tions, which were our primary measurement, were obtained
with subpixel accuracy using the moment method [73,83].
Additionally, we obtained velocities of microparticles by
tracking them for two consecutive frames [74,75].

C. Microparticle cloud parameters

We used our measurements to obtain microparticle cloud
parameters in the undisturbed crystalline equilibrium state, as
we describe below. These measurements were all obtained by
analyzing videos of the crystalline state, at the beginning and
end of the experiment.

Still images, from individual frames in the crystalline
state, were analyzed to yield the undisturbed areal density
as n = 1.81 mm~2. This was obtained simply by counting
microparticles. The corresponding two-dimensional Wigner-
Seitz radius was a = 0.42 mm, and the lattice constant for the
triangular lattice was b = 0.80 mm.

Particle motion, in the sequence of frames in the crystalline
state, provided six more parameters, for the undisturbed
cloud. The root-mean-square velocity of the microparticles
was Urms = 0.499 mm/s. By fitting theoretical dispersion re-
lations to our experimental dispersion relations, we obtained
the screening parameter x = 1.6 and the nominal 2D plasma
frequency wpq = 49 s~!. These parameters allowed us to cal-
culate the charge Q/e = —1.4 x 10* and Coulomb coupling
parameter I' = 1.7 x 103.

The longitudinal sound speed, which of course is important
in characterizing shocks, was found to be ¢; = 19 mm/s. This
value was obtained by an input of experimental parameters
listed above, into a theoretical graph [84] of sound speed. The
underlying theory is based on a dispersion relation for a 2D
triangular lattice with a Yukawa interaction, which is also the
case for the dispersion relation analysis mentioned above.

Numerical values for the parameters listed above were
obtained as the average of two measurements, at the beginning
and end of the experiment. In each case, the measurement was
for the crystalline equilibrium state. Further details of these
measurements are described in the Supplemental Material [8],
where we also define the parameters a, wpq, &, I'.

D. Manipulation method

The primary difference between our experimental setup
and that of Samsonov et al. [19] was our manipulation
scheme, which allowed us to obtain a compressional pulse
with a different character. The manipulation in [19] was im-
pulsive (it relied on an electrical pulse applied to a stationary
wire), and the resulting pulse is therefore classified as a blast
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wave [72]. We used instead a steadily moving exciter, so that
our shock was continuously driven at a controlled speed. This
approach allowed us to obtain the dependence of the pulse
speed on the speed of the moving exciter.

Our compressional pulses in the microparticle cloud were
generated by electrical repulsion from an exciter wire, moved
at a steady speed. The 0.41-mm diameter wire was oriented
horizontally several mm above the plane of the microparticles.
Electrically, the wire was floating at a natural potential due
to steady collection of electrons and ions. Microparticles,
which were also electrically floating, were repelled by the
wire because they had the same polarity. Initially, the wire was
atrest at x = —60 mm, far to the left of the particle cloud. The
wire was then moved in the +x direction at a constant speed.
To achieve a supersonic speed for the exciter wire, we used
a stepper motor with a torque as high as 0.7 Nm to drive a
linear translation stage, outside the vacuum chamber, pushing
the wire’s support shaft deeper into the chamber [8].

E. Experimental runs

The experiment was carried out with videos recorded for
six runs with manipulation by the moving wire. Between these
manipulation runs, we allowed about 20 min for the cloud to
relax to its original position and to anneal into a crystalline
microstructure. At the beginning and end of the experiment,
we recorded videos of the particle motion in the crystalline
equilibrium state, to allow us to characterize the microparticle
cloud parameters including charge, undisturbed areal den-
sity, screening length, and other parameters, as described in
Sec. III C above. These parameters describe the conditions
of microparticles exactly where they were located, within the
upper portion of the sheath, because they are based on mea-
surements of the microparticles themselves; these parameters
do not reflect conditions elsewhere in the plasma. Before all of
these videos were recorded, which required five hours, it was
necessary to prepare a cloud with the required stable and quiet
conditions, eliminating microparticles that were suspended in
an incomplete lower layer.

The manipulation runs were done at five different speeds
for the exciter wire. We repeated the run at the highest speed
to test for repeatability. Video recording began at time ¢ = 0,
when the motor drive triggered an optical gate; at this early
time, the particle cloud was not yet disturbed. The wire moved
81 mm at a fixed speed in the range 50.8 to 101.6 mm/s,
so that the wire required <2 s to complete its movement,
including the initial acceleration and deceleration. After the
wire halted, it was returned to its original position.

The response to the moving wire was the formation of a
compressional pulse, which was a localized region of high
density in the microparticle cloud. This compressional pulse
propagated in the +x direction in advance of the moving
wire, as seen in the movie in the Supplemental Material [8].
Representative images are given in Fig. 2. In Fig. 2(a), the
cloud was just beginning to be disturbed by the moving wire,
with a compressed region forming at the left edge. A few tens
of milliseconds later, in Fig. 2(b) and 2(c), the compressional
pulse is seen moving from left to right. In Fig. 2(c), most
microparticles that were originally in the camera’s field of
view had moved to the right, where they were not imaged,

(c)
t=690 ms

FIG. 2. Pulse evolution. A single pulse, propagating in the +x
direction, was excited by the movement of the wire, which is not
seen because it was located above the illumination sheet; its position
is marked by a pair of triangles. After the compression started in (a),
a sharp leading edge developed in (b) and (c); this shape of the pulse
along with its supersonic speed lead us to identify it as a shock. The
undisturbed region to the right is a crystalline lattice. To the left of
the pulse’s peak amplitude, the areal density gradually diminishes
to zero. These enhanced-contrast images have been cropped to
show only the region of interest, as defined in the Supplemental
Material [8], where we also present a video and raw unprocessed
images. Examination of the video confirms that microparticles were
displaced by the pulse only in the x direction; there was no significant
bulk motion in the y direction.

but they remained confined as they were generally pushed up
the far side of the bowl-shaped sheath that confined them.

IV. RESULTS

A. Identifying the pulse as a shock

The propagating compressional pulse in Fig. 2 is inter-
preted as a shock wave because of three observations.

(i) Our pulse’s speed was supersonic. This will be demon-
strated below. The Mach number for our pulse was as large
as 6.2, significantly exceeding the value of 2.7 for pulses in
the previous blast-wave experiments of Samsonov et al., [19],
where the pulse was interpreted as a shock.

(i1) Our pulse’s shape has a leading edge that is much
sharper than its trailing edge. This is visible in Fig. 2 and in
Fig. 3 which shows profiles of a pulse’s areal density.

(iii) Our pulse’s amplitude was large and therefore highly
nonlinear. The peak density of our pulse was ranged from 2.5
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FIG. 3. Areal number density profiles. (a), (b), and (c) corre-
spond to the respective panels of Fig. 2. The sharp leading edge of
the pulse’s waveform can be seen for example in (b) at x = 20 mm.
Using plots like these, it is possible to analyze the shock waveforms’
width and amplitude.

to 4.0 times the undisturbed areal density, for the six runs
analyzed. The highest amplitudes corresponded to the fastest
wire speeds. At such high amplitudes, the pulse must have
been highly nonlinear, and to a much greater extent than in
the blast-wave experiments of Samsonov et al. [19], where
the amplitude (in what was described as a shock) was about
1.2 times the undisturbed areal density.

Based on these observations, we hereafter refer to our pulse
as a shock.

B. Obtaining the shock speed

The shock’s propagation speed vk Was obtained as the
slope in a plot of the position of the peak density vs time.
Representative examples of these plots are shown in Fig. 4.
Each plot included over a hundred data points, with little
scatter.

As a shock propagated, the slope in Fig. 4 remained
constant. Due to this constant slope, and the large number of
data points, our shock speed measurements have uncertainties
of only about 1%.

We attained vghoexk > 65 mm/s in all our runs, as compared
to the sound speed ¢; = 19.0 mm/s. In other words, the
shock’s propagation was highly supersonic, with Mok > 3.

Our highest shock speed was 117.5 mm/s, corresponding
to a Mach number of Mok = 6.2. This value, which was

T T T T T T T
28 E
26 | E
2 I
£ -
= I » shock speed
5 22 117.5+ 1.1 mm/s 7 ]
3 L S T LImn/s 7 shock speed
& 20+ 83.7 £ 0.8 mm/s-
a,
2 I ]
9 18 -
16 .
I o exciter speed 101.6 mm/s
4L A exciter speed 63.5 mm/s
1 L 1 L 1 L 1 L 1 L 1 L 1 L
0.60 065 070 0.75 0.80 0.85 0.90
time 7 (s)

FIG. 4. Time series of the position of the pulse’s peak, for two
runs. The data points are the positions of peak areal density, obtained
from experimental images like those in Fig. 2. Linear fits yield the
shock speeds, with a small random error.

for our highest wire speed, 101.6 mm/s, was limited in our
experiment only by the speed of the motor drive. As we
mentioned, this Mach number significantly exceeds the result
of Samsonov et al. [19]. In addition, it also exceeds what was
attained in other previous dusty plasma shock experiments
[16,17,19,22-24,29].

Our shocks are neither “weak” nor “strong,” but something
in between, according to the classifications of Zel’dovich and
Raizer [1]. They wrote that a shock is strong if Mgyock — 00,
and it is weak if Mgk — 1 < 1 [1]. The data we analyze in
this paper fall in a range of 3.4 < Mok < 6.2, which is gen-
erally between the weak and strong extremes of Zel’dovich
and Raizer.

C. Dependence of shock speed vs exciter speed

The main result of this paper is the dependence of the
shock speed vs exciter speed, presented in Fig. 5. One run is
represented by each of the six experimental data points. These
data points show the value of the shock speed as obtained in
Fig. 4.

To quantify the shock speed’s monotonic increase with
the wire speed, we present in Fig. 5 an empirical fit to the
linear expression (2). This fit yielded a slope of s = 0.98.
The value of this slope reflects the detailed character of how
the medium compresses, and therefore it could be useful for,
among other things, testing a theoretical equation of state for
the microparticle cloud. We also note that our experimental
data fit Eq. (2) well enough to say that its linear form appears
to be sufficient, without requiring correction by a quadratic
term.

Also shown in Fig. 5, as a dashed curve, is Eq. (4)
plotted using coefficients that correspond not to the ex-
periment, but to the simulation of Lin et al. [9]. We do
not expect the experiment to match this curve closely,
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FIG. 5. Shock speed’s dependence on the wire speed. The ex-
perimental data points, each representing one run, were obtained
as in Fig. 4. Physical units in the left scale are normalized on the
right by the sound speed, and likewise for the top scale. The error
bars account for the random errors arising in the linear fits as in
Fig. 4, but do not account for all sources of error, as discussed in
the Supplemental Material [8]. Comparing the experimental data to
empirical Eq. (2) yields Mok = 1 + 0.98Meyciter- The dashed curve
is Eq. (4) plotted using simulation values [9] for I" and « which differ
from the experimental values, as explained in the text.

because the simulation was performed for parameters
I'=800 and « = 1.5, which are different from the

experimental values, and moreover the simulation neglected
gas friction.

V. SUMMARY

We measured the dependence of the shock speed on the ex-
citer speed in a strongly coupled 2D dusty plasma by moving
an exciter wire at a constant supersonic speed. This result, in
Fig. 5, was made possible by our slow sound speed and our
use of particle tracking, along with our experimental advance
of developing a method for continuously driving a shock.
The dependence, presented in Fig. 5, allows comparing the
compressional properties of our strongly coupled plasma with
those of other substances, where a shock can be generated by
a steadily moving piston.

Our moving exciter wire is analogous to a supersonic
piston in a gas cylinder. It is also analogous to a flyer plate,
which can steadily drive a planar shock for a substantial
duration for the purpose of measuring equations of state [85].
Our experimental design helps meet requirements recently
suggested by theorists [72] to allow comparing to models of
continuously driven shocks in a strongly coupled plasma. We
compared our results to a traditional empirical expression,
Eq. (2), with a linear form. We also considered how our
results can be compared to a quadratic form suggested in
a recent simulation paper; a meaningful comparison to that
expression would require additional simulations, with param-
eters matching our experiment, including the effects of gas
drag.
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