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Nonlinear mixing of oscillations in a dusty plasma due to the harmonic time varying modulation9

of a nonlinear compressional oscillation is analyzed using a simple mathematical model consisting10

of a forced Korteweg-de Vries equation. An exact analytic solution of this equation is found to11

exhibit nonlinear mixing in the system. The model solution can be usefully employed to predict12

the existence of nonlinear mixing of oscillations in a two-dimensional dusty plasma system of a13

particular experimental configuration.14

I. INTRODUCTION15

Nonlinear mixing is a phenomenon found in many16

physical systems that can sustain waves of large ampli-17

tudes [1–4]. In a dusty plasma, compressional waves can18

easily attain large amplitudes, even if the electric poten-19

tial variation is only a few millivolts, and this is due to the20

large electric charge of thousands of elementary charges21

[4, 5] residing on a dust particle.22

Two kinds of compressional waves in dusty plasmas23

are the dust-acoustic wave and the longitudinal dust lat-24

tice wave [6–8]. The dust-acoustic wave (DAW) propa-25

gates in a three-dimensional cloud of charged dust parti-26

cles which are immersed in a mixture of electrons and27

ions; all three of these charged species participate in28

the compression and rarefaction. If there is an ambi-29

ent steady electric field, it will drive an ion current that30

can easily self-excite the DAW through an instability,31

which commonly occurs in laboratory gas-discharge plas-32

mas [9, 10]. On the other hand, the longitudinal dust33

lattice wave (DLW) propagates in a different situation;34

while the electrons and ions fill a three-dimensional vol-35

ume, the dust particles do not; they are instead confined36

to a planar layer which is thin, and often is just a mono-37

layer. Because of the paucity of dust particles, the elec-38

trons and ions are not significantly affected by the dust39

particles, and for the most part they just contribute to40

the Debye screening of the inter-particle repulsion among41

the dust particles [6]. Unlike the DAW, the longitudinal42

dust lattice wave is not necessarily excited by an ambient43

DC electric field, so that in the laboratory it is common44

to excite it by an external forcing [11, 12].45

In this paper we consider the longitudinal dust lat-46

tice wave, with two sinusoidal external excitations at a47

large amplitude, to cause nonlinear mixing. By perturb-48

ing a two-dimensional crystalline layer of dust particles49

using two laser beams of different frequencies, three-wave50

mixing was experimentally demonstrated by Nosenko et51

∗ sanat.tiwari@iitjammu.ac.in

al. [13]. In this paper, we theoretically demonstrate non-52

linear mixing phenomenon in a dusty plasma system us-53

ing an analytic solution of a sinusoidally forced Korteweg-54

de Vries model equation. The model solution can also be55

usefully employed to predict the existence of nonlinear56

mixing in a variant of the two-dimensional experimental57

dusty plasma experiment reported in Ref. [13].58

In their experiment, the authors of Ref. [13] used59

a horizontal monolayer of dust, which consisted of pre-60

cision polymer microspheres that were levitated above61

a lower electrode of a radio-frequency glow-discharge62

plasma. Using video microscopy, they verified that the63

equilibrium state of this cloud of particles was a trian-64

gular lattice with a six-fold symmetry. The charge on65

a microsphere was −9400 e (where e is the charge of66

an electron), the crystalline lattice constant was 675 mi-67

crons, and the mass of the 8 micron microspheres was68

sufficiently high that the compressional sound speed in69

the lattice was only 22 mm/s.70

The experimenters of Ref. [13] launched two longi-71

tudinal lattice waves, with sinusoidal waveforms at dif-72

ferent frequencies f1 and f2. Each of these two waves73

were propagating waves, and they were each excited ex-74

ternally by the radiation-pressure force, using laser ma-75

nipulation with a steady-state laser that was amplitude76

modulated at the desired low frequency. The dust cloud77

was a horizontal monolayer. The excitation regions for78

the two waves were physically separate, which is a point79

that is important for the present paper. The spatial lo-80

calization of the excitation regions was achieved by mak-81

ing the laser beams incident on the dust layer at an82

angle of 10 degrees. The experimenters then observed83

waves at various difference and sum frequencies, includ-84

ing f1 + f2, f2 − f1, 2f2 − f1, and so on. They confirmed85

using bi-spectral analysis that these were the products86

of nonlinear mixing. In this way, they provided an ex-87

perimental observation of three-wave mixing, in a dusty88

plasma.89

The physical system in that experiment can be mod-90

eled theoretically by several descriptions, including a91

point-like particle description and a continuum descrip-92
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tion of the dust layer. The latter approach was used by93

Avinash et al. [14], who modeled the long-wavelength94

compressional waves in the monolayer triangular lattice,95

as obeying an evolution equation described by a variant96

of the Korteweg-de Vries (KdV) equation.97

In this paper, we predict theoretically that nonlinear98

mixing can occur also in a different excitation configura-99

tion, where only one of the two excitation frequencies f1100

has a propagating wave that is excited locally, while the101

other frequency f2 is a non-localized oscillation. In both102

cases, the external forcing can be provided by any physi-103

cal force, including the radiation pressure force that was104

used in Ref. [13]. Unlike Ref. [13], only the frequency f1105

has a propagating wave that is excited in a spatially local-106

ized region, and as a crucial difference, frequency f2 has107

a spatially uniform force, varying sinusoidally in time but108

not in space. This construction should be feasible sim-109

ply by performing an experiment with a two-dimensional110

monolayer of dust as in the experiment of Ref. [13], but111

with one of the two laser beams incident on the particle112

cloud at zero degrees instead of ten degrees. A schematic113

sketch of the excitation configuration is shown in Fig. 1.114

Although we are mainly concerned here with non-115

linear mixing of the longitudinal lattice wave, we can116

mention another kind of nonlinear effect which has been117

observed experimentally, and that is synchronization. In118

synchronization, there is an inherent oscillation at one119

frequency and an external forcing at a second frequency.120

The second frequency must be close to that of the in-121

herent oscillation, or one of its harmonics. Although122

synchronization has long been understood for point os-123

cillators, it can also occur in the more complicated case124

of propagating waves, and indeed it is known to occur125

in three-dimensional dust clouds that sustain the dust126

acoustic wave (DAW). The DAW is self-excited at an127

inherent frequency due to ion flow, and an external si-128

nusoidal forcing can be applied for example by a volt-129

age applied to the entire cloud by an electrode so that130

the entire cloud experiences a global modulation [15, 16].131

The result of synchronization is that the inherent oscil-132

lation is shifted in its frequency, for example to match133

the frequency of the external forcing. This is different134

from the case of mixing, where the two original waves135

maintain their frequencies and a third wave appears at136

yet another frequency. Another distinction, in comparing137

synchronization and mixing, is that the original two oscil-138

lations can have frequencies that differ greatly in the case139

of mixing, whereas for synchronization it is necessary for140

there to be a small difference in the two frequencies or141

their harmonics.142

II. THEORETICAL MODEL143

Our theoretical approach relies on two basic144

premises - (i) nonlinear compressional waves in a dusty145

plasma system can be modeled by a KdV equation, and146

(ii) the forced KdV equation can model their dynamics147

in the presence of an external driving force. For a three-148

dimensional dust cloud, the KdV equation as a model149

description of nonlinear DAWs is well established. It was150

first derived by Rao et al. [17] using a fluid represen-151

tation of the dusty plasma and has subsequently been152

widely used in many theoretical and experimental stud-153

ies [4, 18–20]. An fKdV model, within the fluid prescrip-154

tion, was first derived by Sen et al. [21] for describing155

driven nonlinear ion acoustic waves. The generic form of156

this model equation was subsequently shown to apply for157

driven DAWs as well and was successfully used to inter-158

pret the excitation of precursor dust acoustic solitons in159

a laboratory dusty plasma device [22, 23].160

For the dust lattice wave, the KdV model has also161

been shown by Farokhi et al. [24] to theoretically describe162

the nonlinear evolution of waves in a two-dimensional163

dust lattice system. Thus one can expect the fKdV164

model to also successfully describe the dynamics of driven165

DLWs in the case of a two-dimensional lattice system166

subject to external forcing.167

Hence as a paradigmatic model for driven compres-168

sional nonlinear oscillations in a dusty plasma system we169

adopt the generic fKdV equation given as,170

Laser 1

Laser 2

x
y

FIG. 1. A cartoon representation of a proposed experimen-
tal configuration with one of the laser beams incident on the
dust at zero degrees to provide a non-localized driving oscil-
lation. Thousands of charged dust particles, shown schemat-
ically here as a few dots, are levitated in a single horizontal
layer in an electric sheath above a powered lower electrode,
shown schematically as a disk at the bottom of this diagram.

∂n(x, t)

∂t
+ α n(x, t)

∂n(x, t)

∂x
+ β

∂3n(x, t)

∂x3
= Fs(x, t) (1)171

where n is a perturbed physical quantity (representing172

the perturbed dust density for example) and Fs(x, t) is173

the driving source term. The coefficients α and β rep-174

resent the strengths of the nonlinear and dispersive con-175

tributions, respectively. Dissipative effects, such as may176

occur due to frictional damping from neutral gas parti-177

cles, are not included in this model, so that it cannot178

describe phenomena such as synchronization that need179

dissipation. For Fs(x, t) = 0, Eq. (1) represents the180

standard KdV equation that has been extensively stud-181

ied in the past to describe nonlinear wave propagation182
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3

in neutral fluids [25], plasmas [26, 27], dusty plasmas183

[14, 17, 19, 28, 29] and other nonlinear dispersive media184

[30, 31].185

The KdV equation has a variety of solutions includ-186

ing solitons and cnoidal wave solutions. The latter are187

relevant for our present work and are given by [32, 33]188

n(x, t) = µ cn2

[ √
µα

2
√

βκ(κ+ 2)
ξ(x, t); κ

]

(2)189

with190

ξ(x, t) =

(

x− κ+ κ2 − 1

κ(κ+ 2)
αµt

)

(3)191

where cn is a Jacobi elliptic function. The parameter192

µ represents the amplitude, which can be chosen to be193

any value (for example, in an experiment by adjusting194

the amplitude of an external forcing). The elliptic pa-195

rameter κ indicates the response of the medium to that196

amplitude. The value of the parameter κ determines197

the shape of the cnoidal function so that it serves as a198

quantitative measure of nonlinearity. For κ = 0, which199

is the linear case, the cnoidal solution becomes a cosine200

function, while for the highly nonlinear case of values201

close to unity, the wave form has sharp peaks and flat-202

tened bottoms. The cnoidal solution, Eq. (2), was re-203

cently shown to provide an excellent fit to experimental204

observations of spontaneously generated nonlinear DAWs205

in a three-dimensional dusty plasma cloud sustained in a206

RF discharge plasma [4].207

The spatial wave length λ and frequency f1 of the208

periodic wave, Eq. (2), are given by209

λ = 4K(κ)

√

β(2κ+ κ2)

αµ
(4)210

f1 =
β

4K(κ)
(κ2 + κ− 1)

(

αµ

β(2κ+ κ2)

)3/2

(5)211

Here, K(κ) is the complete elliptical integral of first kind.212

Expressions for the wavelength λ and frequency f1 are213

obtained by comparing Eq. (2) with the following form214

of the solution by Dingemans et al. [34] and Liu et al.215

[4]216

n(x, t) = µ cn2

[

2K(κ)
(x

λ
− f1t

)

; κ

]

. (6)217

To illustrate the nature of the solution, Eq. (2), and218

its spectral properties we will choose α = β = 1 and plot219

the solution for several values of κ and µ. In Fig. 2(a) we220

plot the time series obtained from Eq. (2) at a fixed value221

of x for µ = 0.0318 and κ = 0.001 (such that f1 = 10222

Hz). The corresponding frequency spectrum is shown223

in Fig. 2(b). For this low value of κ, the wave form is224

approximately sinusoidal and shows a single dominant225

frequency f1 = 10 Hz in the spectrum. A small peak226

at 2f1 due to the nonzero nonlinearity (κ 6= 0) is also227

observed. For a higher value of κ = 0.8 and µ = 78 (such228

that f1 is still 10 Hz) the wave form is more nonlinear229

in character, as shown in Fig. 2(c), and the spectrum230

Fig. 2(d) shows the appearance of higher harmonics at231

2f1, 3f1 etc.232

FIG. 2. Time series and the corresponding power spectra for
an arbitrary spontaneous density perturbation, n, as given
by Eq. (2). (a) Sinusoidal-like wave with κ = 0.001, µ =
0.0318 such that f1 = 10 Hz. (b) Power spectrum of (a). (c)
Nonlinear wave form with κ = 0.8, µ = 78 and f1 = 10 Hz.
(d) Power spectrum of (c).

233

234

III. EXACT NONLINEAR SOLUTION AND235

NONLINEAR WAVE MIXING236

We next examine the solution of the fKdV model237

equation, Eq. (1), with a specific form of the driving238

term. For a sinusoidally time varying driver, Fs(x, t) =239

As sin(2πf2t), Eq. (1) has an exact analytic solution (de-240

rived using Hirota’s method as in Salas et al. [35]) given241

by242

n(x, t) = −As cos(2πf2t)

2πf2
+ µ cn2

[ √
µα

2
√

βκ(κ+ 2)
η(x, t); κ

]

243

η(x, t) =

(

x− κ+ κ2 − 1

κ(κ+ 2)
αµt+

Asα

(2πf2)2
sin(2πf2t)

)

. (7)244

245246

To explore the phenomenon of wave mixing in vari-247

ous nonlinear regimes, we will use this exact solution for248

different values of the parameters, κ and µ. Now that we249

are driving not only at frequency f1, but also at frequency250

f2, we see a modulation in the time series of Fig. 3(a) and251

3(c), obtained from Eq. (7). The corresponding spectra252

are shown in Fig. 3(b) and 3(d), respectively. The con-253

ditions are for a weakly nonlinear amplitude in Fig. 3(a)254

and 3(c), with µ = 0.0318, κ = 0.001 and As = 0.318.255

The amplitude is greater and more nonlinear in Fig. 3(b)256

and 3(d), with µ = 78, κ = 0.8 and As = 780. In all cases257
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FIG. 3. Time series and the corresponding power spectra
for a density perturbation, n, driven at f2 = 12 Hz from
Eq. (7). (a) Time series with weak nonlinearity (κ = 0.001,
µ = 0.0318, f1 = 10 Hz, As = 0.318) and (b) the correspond-
ing power spectra showing f1, f2 and their sum and difference
frequencies. (c) Time series with large nonlinearity (κ = 0.8,
µ = 78, f1 = 10 Hz, As = 780) and (d) its corresponding
power spectra showing f1, f2, their sum and difference fre-
quencies and their harmonics.

for Fig. 3, f1 = 10 Hz, f2 = 12 Hz, and α = β = 1. The258

spectrum shows peaks at f1, f2, sum-frequency f2 + f1259

and difference-frequency f2 − f1.260

Nonlinear mixing is revealed by the presence of261

combination frequencies in the spectra of Fig. 3. Espe-262

cially in Fig. 3(d) with the higher amplitude and greater263

nonlinearity, we see many combination frequencies such264

as 2f2 − f1 which is labeled as peak P5, and 2f1 + f2265

which is labeled as peak P13. There is a rich variety of266

these combination frequencies, and they are listed in267

Table I. The presence of peaks at harmonics such as 2f1,268

3f1 and 4f1 are not attributed to mixing, but rather269

just the presence of nonlinearity (κ > 0) in the excitation.270

271

TABLE I. Dominant frequencies observed in the spectral data
shown in Fig. 3(d).

f1 10 f2 12

P1 f2 − f1 P11 4f2 − 2f1

P2 2(f2 − f1) P12 3f1

P3 3(f2 − f1) P13 2f1 + f2

P4 4(f2 − f1) P14 2f2 + f1

P5 2f2 − f1 P15 4f2 − f1

P6 3f2 − 2f1 P16 4f1

P7 4f2 − 3f1 P17 3f1 + f2

P8 2f1 P18 2(f1 + f2)

P9 f2 + f1 P19 f1 + 3f2

P10 3f2 − f1

FIG. 4. Comparison of time series power spectra for [a] ob-
tained from the fKdV model, Eq. (7), and [b] we have replot-
ted the same experimental data points that were originally
reported in Ref. [13]. Parameters used for the theoretical
model are µ = 18.5, κ = 0.7 (corresponds to f1 = 0.7 Hz),
As = 18.5 and f2 = 1.7 Hz.

IV. DISCUSSION272

As a specimen to illustrate a spectrum that is273

known to exhibit nonlinear mixing, we have replotted274

in Fig. 4(b) the experimental spectrum from Ref. [13].275

This experimental spectrum includes peaks at combina-276

tion frequencies such as 2f2 − f1 and 2f1 + f2. (The277

experiment also has peaks at harmonics such as 2f1 and278

3f1, but those can occur in the absence of mixing due to279

the non-sinusoidal distortion of a periodic waveform, as280

is common under nonlinear effects.)281

It is significant that the spectrum from our solution282

of the fKdV equation shows peaks at the same combina-283

tion frequencies as for the experiment of Ref. [13]. This284

observation gives us some confidence that we are observ-285

ing nonlinear mixing. The model, even though it is sim-286

ple, adequately captures salient mechanisms for nonlin-287

ear mixing, yielding the same signatures of combination288

frequencies as in a specimen experimental system.289

Although for Fig. 4(a) we used the same excitation290

frequencies f1 = 0.7 Hz and f2 = 1.7 Hz as for the ex-291

periment of Ref. [13], we should mention several ways292

that the model’s assumptions differ from that of experi-293

ment. First, there is frictional damping from gas in the294

experiment. This friction can inhibit nonlinear effects,295

unless a threshold is exceeded, which would not be the296

case in the model where there was no friction. Second,297
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TABLE II. Frequencies observed in Fig. 4.

Frequency (Hz) Fig. 4(a) Fig. 4(b)

f1 0.7 0.7

f2 1.7 1.7

P1 = f2 − f1 X X

P2 = 2f1 X X

P3 = 3f1 X X

P4 = f1 + f2 X X

P5 = 2f2 − f1 X X

P6 = 4f1 X X

P7 = 2f1 + f2 X X

P8 = 2f2 X

P9 = 3f1 + f2 X X

P10 = 2f2 + f1 X X

N1 = f2 − 2f1 X

N2 = 3f1 − f2 X

N3 = 4f1 − f2 X

N4 = 2f2 − 3f1 X

N5 = 2(f2 − f1) X

N6 = 3(f2 − f1) X

N7 = 5f1 X

N8 = 3f2 − 2f1 X

N9 = 3f2 − f1 X

N10 = 4f1 + f2 X

the experimental system was finite in size and could ex-298

hibit an overall sloshing mode oscillation in the presence299

of the external confining potential, which is provided by300

a curved sheath above the horizontal electrode. Thus,301

the experimental spectrum could potentially include the302

signature of a sloshing mode oscillation, or the mixing of303

that oscillation with the excitation at f1 or f2. This be-304

havior would not be described by our model. Third, the305

model was constructed so that it assumes that the exci-306

tation at one of the two frequencies is not a propagating307

wave, but is uniformly applied throughout the medium,308

as sketched in Fig. 1. This third difference might be less309

substantial than one might expect, however, because the310

wavelength at the low frequency f1 = 0.7 Hz in the ex-311

periment could have been substantial as compared to the312

finite size of the cloud of charged dust particles.313

We also note that the spectral peaks obtained from314

the theoretical fKdV model in Fig. 4(a) are not limited315

to all those present in the experimental spectrum shown316

in Fig. 4(b). In Table II, we list those peaks P1-P10 of317

the theoretical model that are also present in the experi-318

mental spectrum while peaks N1-N10 are only present in319

the theoretical model. The latter frequency peaks repre-320

sent different combinations of the sum and difference of321

f1, f2 and their higher harmonics. Their absence in the322

experimental spectrum could be due to the effect of gas323

friction, which can prevent weak nonlinear effects from324

being observed.325

V. CONCLUSIONS326

To conclude, we have presented a simple mathemat-327

ical model consisting of a forced KdV equation with328

a time varying sinusoidal forcing term that shows the329

existence of nonlinear wave mixing in a dusty plasma330

medium. Physically the model represents wave mixing331

arising from the temporal modulation of a nonlinear dust332

compressional wave. This is a situation that can be eas-333

ily realized in an experiment using radiation pressure334

of lasers or time varying electric potentials to modulate335

self-excited or externally driven large amplitude compres-336

sional waves.337

One advantage of the present model is the existence338

of an exact analytic solution which can be conveniently339

used to map various parametric regimes without recourse340

to a numerical solution of the nonlinear equation. This341

solution not only shows the existence of wave mixing342

phenomenon in this simple model system but may also343

be useful in predicting nonlinear wave mixing for a pro-344

posed experimental configuration in a two-dimensional345

dusty plasma medium.346
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