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Theory of collision-dominated dust voids in plasmas
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A dust void, i.e., the dust-free region in a dusty plasma, results from the balance of the electrostatic and
plasma~such as the ion drag! forces acting on a dust particle. The properties of dust voids depend on the ratio
of the void size to the mean free path of plasma ions colliding with neutral species of a weakly ionized plasma.
For many plasma-processing and plasma-crystal experiments, the size of the void is much larger than the
ion-neutral mean free path. The theory and numerical results are presented for such a collisional case including
the situations in which the plasma is quasineutral in the void region or the plasma quasineutrality is violated,
as well as the case in which the ion ram pressure is insignificant.
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I. INTRODUCTION

Recent experiments@1–4# demonstrated that often the ob
served property of a dusty plasma is not a homogene
distribution of dust particles but rather a formation of stru
tured dust regions featuring also stable voids, i.e., dust-
regions inside the dust cloud. According to the propos
models@1,2,5# a dust void can appear in a low-temperatu
discharge plasma as a result of the balance of the ele
static force and the drag force acting on dust particles,
latter due to the plasma ions flowing to the electrode.
general, the ion momentum balance in the void~i.e., in the
dust-free region! is determined by the electric force, the io
pressure force, and the friction force of plasma ions w
neutral species. When the size of the void is much less t
the ion-neutral mean free path, the motion of plasma ions
be considered as collisionless. Thus the theory proposed
lier @5# for the case of collisionless plasma does not take i
account the ion-neutral collision force. It was shown in@5#
that a dust void indeed can be formed in a dusty plas
when the ion-neutral collisions are negligible and that
void has sharp boundaries where the dust density is sha
changed, but all other plasma parameters including the e
tron and ion densities are continuous. Such a ‘‘collisionles
void is globally stable for disturbances perpendicular to
void surface.

However, in many if not most of the existing experime

*Email address:
†Email address:

http://www.physics.usyd.edu.au/~vladimi
‡Email address:

http://dusty.physics.uiowa.edu/~goree
1063-651X/2001/63~5!/056609~11!/$20.00 63 0566
us
-
e
d

ro-
e

n

h
an
n

ar-
o

a
e
ly
c-
’’
e

tal observations of dust voids@1–4#, the size of the void is
comparable to or even larger than the mean free path for
ion-neutral collisions and therefore the results of the the
@5# cannot be directly compared with them. Thus the the
of a collision-dominated dust void is necessary, which co
siders voids with sizes comparable to or larger than the i
neutral mean free path. This theory should be based on
realistic model for the ion-neutral collisions fitting numero
experimental data already existing for low-temperature p
mas@6#. The other point that should be taken into accoun
relatively low ion flow velocities in the collision-dominate
plasma, which can be of the order of the ion thermal vel
ity. Note that for the collisionless dust voids@5#, the ion flow
velocities much higher than the ion thermal velocity we
considered. This limit is correct when the ion-neutral co
sions are weak since the Mach numberM of the ion flow at
the void boundary was shown@5# to be close to unity. Note
that even for near-sonic velocities of the flowM;1, the ion
drift speed is alreadyATe /Ti times larger than the ion ther
mal velocity @here,Te( i ) is the electron~ion! temperature#,
and since in existing experimentsTe@Ti , the numberM
51 corresponds to the ion flow velocities much~typically an
order of magnitude! larger than the ion thermal velocity. I
the ion-neutral collisions are sufficiently effective in the vo
region, they substantially lower the ion flow velocity, whic
can then become of the order of the ion thermal velocity@7#.
The dust drug and dust capture coefficients@7,8# should take
into account the fact that the ion drift velocity can be ma
ginal as compared to the ion thermal velocity. Thus the c
responding generalization of the dust drug and capture r
should be taken into account.

These requirements are met in this paper presenting
theory of dust voids in a collision-dominated plasma. T
theory is developed for the one-dimensional~1D! case, as in
©2001 The American Physical Society09-1



-
ra
x-
-

a
n
f

th
io
n

i
ar
he

l
oi
ic
en
th
fo
in

os
nt
n

th
o

us
fo
e
y
a
n

t
ic

s

in

a
ed
rs
th

hs

an
e
ust
eter
an

ally

l
e-
e

in
l
on

-

s
ell
re

how

ed.
ty,
he
we

of
to
the
e
ed
tric

to

ric

TSYTOVICH, VLADIMIROV, MORFILL, AND GOREE PHYSICAL REVIEW E63 056609
the model of Ref.@5#. The outline of the paper is the follow
ing. In Sec. II, we develop the model for the ion-neut
friction with the ion drift velocity dependence fitting the e
isting experimental data on the ion mobility in a low
temperature plasma. This expression can be used for the
flow velocities comparable to or larger than the ion therm
velocity. In Sec. III, nonlinear equations in the void regio
are formulated for the case of a quasineutral plasma and
the case in which the plasma quasineutrality is violated~the
quasineutrality in the void region can be maintained for
case in which the electron Debye length is less than the
neutral mean free path!. Section IV is devoted to the solutio
of Poisson’s equation in the dust region. This solution
derived taking into account the ion-neutral collisions and
bitrary dust drift velocities. It gives the parameters of t
void boundary from the dust side~the details of the solution
are given in the Appendix!. Section V presents numerica
solutions of the nonlinear equations for the void and the v
boundary, allowing us to find the parameter range in wh
the void can exist, and it gives explicit results for the dep
dence of the size of the voids on the ionization rate and
ion friction force coefficients. The results are presented
conditions in which the quasineutrality is maintained both
the void and in the dust region and compared with th
when the quasineutrality is violated. The results taking i
account the ion ram pressure are also presented; they ca
used to elucidate the role of the ion-neutral collisions in
collisionless void and to show the continuous transition
the collisionless dust void to the collision-dominated d
void. In the Appendix, we also give the exact expressions
the dependences of the dust drag and dust capture co
cients as functions of the ion-drift velocities valid for an
relation between the ion drift velocity and the ion therm
velocity. These expressions containing the known error fu
tions are useful for numerical computations.

II. THE MODEL FOR THE ION-NEUTRAL COLLISIONS
AND THE ION MOBILITY

First, we introduce dimensionless quantities relevant
the high ion-neutral collision rates and emphasize phys
grounds for such a normalization. The ion densityNi , the
electron densityNe , and the electrostatic potentialw are
normalized similarly to the collisionless case Ref.@5#, i.e.,
the densities are in units of the ion densityNi0 in the center
of the void: n5Ni /Ni0 , ne5Ne /Ni0, and the potential is
normalized to the electron temperature:f5ew/Te , wheree
is the electron charge and the electron temperatureTe is
measured in energy units~i.e., the Boltzmann constant i
unity!. The ~dimensional! electric fieldE and the distanceX
are normalized asE5Eedi

2/adTe andx5Xad /di
2 , wheredi

5(Ti /4pNi0e2)1/2 is the ion Debye length,Ti is the ion tem-
perature, andad is the radius of a dust particle. Note that
the case in which the ion-neutral collisions are neglected@5#,
only the mean free paths for the collisions of plasma p
ticles with dust are important. For the collision-dominat
case of interest, there appears here a new characte
length related to the ion-neutral mean free path. Since all
lengths~i.e., including those related to the mean free pat!
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are normalized to the same distancedi
2/ad , the dimension-

less electric field is measured in units of the field in which
electron receives the energyTe on the distance equal to th
plasma particle mean free path in their collisions with d
particles. The density of the latter is related to the param
P[NdZd /Ni0. Note that in general the plasma particle me
free path for their collisions with dust isdi

2/adP, which is
obviouslydi

2/ad for P51. The velocityVi of the ion flow is
normalized to A2 times the ion thermal velocity:u
5Vi /A2VTi , whereVTi5(Ti /mi)

1/2 andmi is the ion mass.
The number density of plasma neutral species is usu

much higher than the ion number density~i.e., the plasma
has a low degree of ionization! and the change in the neutra
distribution due to the ion-neutral collisions can be n
glected. The ion-neutral collisional friction slows down th
ion flux and for low ion flux velocities the friction force is
proportional to the ion drift velocity. Thus for the case
which only the electric field and the friction with neutra
species are important, the total dimensionless force acting
plasma ions can be written as

F52
2u

xn
1E. ~1!

The factor 2 in the definition of the friction force is intro
duced for further convenience. The forceF is written in the
dimensionless units introduced above and thusxn/2 is the ion
mobility in these units: forF50 we haveu5(xn/2)E. We
use for the mobility the notationxn/2 since in our dimension-
less unitsxn is the ion mean free path for the ion collision
with neutral species. The values for the ion mobility are w
known from the experimental data in a low-temperatu
plasma@6#; thus the introduced dimensionless mobilityxn/2
can be easily calculated. The experimental data also s
that with the increase of the electric fieldE, the mobility
starts to depend onE and for large fieldu}AE. The interpo-
lation between these two limits can in principle be also us
However, in general the use of the concept of mobili
which is appropriate if we do take into account only t
friction and electric field force, is restricted. As soon as
include other forces acting on plasma ions, the balance
electric and friction force is violated. We need therefore
obtain an expression for the friction force dependence on
ion drift velocity, which leads in the presence of only th
balance of the electric and friction forces to the mention
changed in the dependence of the mobility on the elec
field. Such an expression for the friction forceFu can be
written as

Fu52
u

xn
~21auu!. ~2!

The balance of the electric and friction forces then leads

u5
1

au
~A11xnauE21!, ~3!

which gives us both the limits (xnauE!1 andxnauE@1)
with the known dependence of the mobility on the elect
9-2
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THEORY OF COLLISION-DOMINATED DUST VOIDS IN . . . PHYSICAL REVIEW E 63 056609
field. The interpolation can then be used to obtain the
merical values of the coefficientau for the known experi-
mental data. But even without calculations, we can concl
that in our dimensionless units the parameterau should be of
order unity. Indeed, if the cross sections does not strongly
depend on the ion velocity, the friction force can be es
mated aŝ nvs&u, giving ^ns&u for u!1 ~when averaging,
we assumev to be of the order of the ion thermal velocity!
and ^ns&u2 for u@1. The fact that we useau'1 in the
numerical computations is also discussed in the subseq
section.

If we need to consider other forces acting on plasma io
we can use expression~2! together with these forces in th
ion balance equation. If a void is in the intermediate regi
where the ion-neutral collisions~although being important!
do not dominate the ion ram pressure forces, we should
form calculations taking into account the friction, the ra
pressure, and the electric-field forces. In this case, expres
~3! is violated and the ion balance equation appears as
additional equation.

In the description of a void, it is necessary to know t
dependence of forces acting on the dust particles~such as the
drag and the ion capture force! on the ion drift velocity when
the latter is close to the ion thermal velocity. These coe
cients can be calculated in the standard way@8# ~since the
cross sections are well known! and they are presented in th
Appendix for an arbitrary value of the ratio of ion drift ve
locity to the ion thermal velocity. Thus all forces can b
written as functions of the ion drift velocity, and the ca
most interesting for applications~where the ion drift velocity
is of the order of the ion thermal velocity! can be theoreti-
cally investigated.

III. EQUATIONS IN THE VOID REGION

The electron drift velocity in the void region cannot b
larger than the ion flow velocity, i.e., it is much less than t
electron thermal velocity, and thus the electron friction w
neutral species is much less than the electric and the elec
pressure force. This leads to the following equation~and as a
consequence to the Boltzmann distribution for electrons!:

1

ne

dne

dx
52E52

dc

dx
, ne5exp~2c!, ~4!

wherec52f is the~dimensionless! minus electrostatic po
tential. We introduced the potentialc in this way to have it
positive in the void and to see explicitly that the number
electrons decreases as the potential increases when we
the boundary of the void.

According to the known dependence of the ionization r
for the electron impact ionization, we assume that the i
ization rate is proportional to the electron density. We th
introducexi , the length~in the units used! at which the ion-
ization causes the electron density to become unity. By
noting the ion flux byF5nu and by taking into account th
ion ram pressure together with the electric field and the i
05660
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neutral collision forces acting on ions, we obtain the syst
of equations in the void region, as follows.
~i! The Poisson equation,

dE

dx
52

t

a2 Fexp~2c!2
F

u G ; ~5!

~ii ! the ion momentum balance equation~which in general
contains on the left-hand side the ion ram pressure and
ion thermal pressure and converts to the balance of ele
and neutral friction force if the ram pressure and ion therm
pressure are neglected!,

tS du2

dx
1

1

n

dn

dxD52
u

xn
~21auu!1E; ~6!

~iii ! the expression of the~minus! electrostatic potential via
the electric field,

dc

dx
5E; ~7!

~iv! the ion continuity equation with the ionization term o
the right-hand side,

dF

dx
5

exp~2c!

xi
. ~8!

Here, the dimensionless quantitiest anda are given by

t5
Ti

Te
, a5

ad

di
. ~9!

This system of four equations contains four variablesn, u, c,
andE. We can further simplify it using some extra assum
tions.

The ion ram and thermal pressure can be neglected if@see
Eq. ~6!# xv@xnt, wherexv is the characteristic size of th
void. Note that this inequality contains the parametert,
which is usually small in existing experiments. For this lim
it is possible to use expression~3! for the ion drift velocity,
and it is more convenient to introduce new dimensionl
variables:Ẽ[Exn , which is the ratio of the work produce
by the electric field on the ion-neutral collision mean fr
path to the electron temperature;x̃[x/xn , which is the dis-
tance in units of the ion-neutral collision mean free path;D
[a/xnAt, which is the dust grain size~in units of the same
mean free path! timesAt; and x̃i[xi /xn , which is the ion-
ization length in units of the same mean free path. The s
tem of equations~5!–~8! in the void region in this case~and
for this normalization! reduces for the following three equa
tions for the three variablesẼ, ne , andF:

dẼ

dx̃
52

1

D2 S ne2
Fau

A11auẼ21
D , ~10!
9-3
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dne

dx̃
52neẼ, ~11!

and

dF

dx̃
5

ne

x̃i

. ~12!

Another simplifying assumption could be applied for
quasineutral plasma, i.e., whenxv@D ~note that forxv of the
order of 1, we have simplyD@1 in this case! when we can
neglect the left-hand side of Eq.~5!. With this assumption,
further simplifications can be done for any value of the ra
xi /txn , i.e., for both the collision-dominated and collisio
less voids. We find then without neglecting the ram press
and the ion thermal pressure forces that

E5
u

11t~122u2!
F2t

xi
1

1

xn
~21auu!G . ~13!

This example shows how other ion forces can modify
mobility and that the effective ionization length appears
the mobility coefficient together with the ion-neutral col
sion length. Equation~13! also shows that only fort!1 and
xn!xi /t can one use expression~3! for the ion mobility.
With expression~13!, we have from Eqs.~5!–~8! only one
equation,

du

dx
5Eu1

1

xi
5

1

xi

11t

11t~122u2!
1

u2

xn

21auu

11t~122u2!
.

~14!

This is an equation for the ion velocityu in the void region.
For the caset!1, it is possible~we remind the reader tha
the characteristic distances are redefined in this case
x̃5x/xn and x̃i5xi /xn) to rewrite this equation as@cf. Eqs.
~10!–~12!#

du

dx̃
5

1

x̃i

1u2~21auu!. ~15!

The electric fieldẼ5Exn in this case is given by@see also
Eq. ~13!#

Ẽ5u~21auu!. ~16!

IV. EQUATIONS IN THE DUST REGION

The momentum balance equation for plasma ions in
dust region contains the dust drag forceFdr, which is given
by ~see also@5#!

Fdr5adrS u,
t

zDuzP ~17!

~we remind the reader thatz5Zde2/adTe and P
5NdZd /Ni0), whereadr(u,t/z) is the ion drag coefficien
05660
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~which is the function of the ion drift velocityu andt/z) and
Zd is the dimensionless dust charge in units of the elect
charge. The balance equation for forces acting on dust ta
into account only the electric and drag forces and is given

E1adrS u,
t

zDnuz50. ~18!

The drag coefficientadr is calculated taking into accoun
both the capture force and the Coulomb scattering force@8#;
its analytical expression through the error function erf(u) is
given in the Appendix~note that the ‘‘collisionless’’ expres
sion used in Ref.@5# can be obtained from that given in th
Appendix in the limitu@1).

The dust charges are determined by the charging equa

exp~2z!52Apz
n

ne

1

Atm
achS u,

t

zD , ~19!

wherem5mi /me is the ion to electron mass ratio, and th
capture coefficientach(u,t/z) in its exact form as a function
of u andt/z is given in the Appendix. For the case in whic
Eq. ~19! is used at the boundary of the void~to find the value
of the dust charge at the boundary!, the boundary values fo
n and ne can be substituted in Eq.~19!. When the ion ram
pressure and ion thermal pressure are neglected, we o
the equation for dust charges at the void boundary,

neexp~2z!52Apz
F

au
~A11auE21!

3
1

Atm
achS au

A11auE21
,
t

zD . ~20!

In the case of a quasineutral void, the dust charges can
found from a simpler relation,

exp~2z!52Apz
1

Atm
achS u,

t

zD . ~21!

The parameterP inside the dust region can be calculat
explicitly as a function of other quantities in the dust regi
via the solution of Poisson’s equation in the dust region. T
exact expression is given in the Appendix.

The size of the void can be found as a simultaneous
lution of two boundary conditions: the continuity of the ele
tric field and the dust charges at the surface of the void. T
electric field from the void side is calculated numerically
solving the system of equations inside the void region. T
electric field from the dust side is calculated using express
~18!, for which it is necessary to know the dust charges at
void surface. The dust charges are calculated by the sec
boundary equation, which in the corresponding limits
given by Eq.~20! or Eq. ~21!, respectively.

V. NUMERICAL RESULTS

Here, we would like to mention that there are two natu
dimensionless parameters of the system~describing the
9-4
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FIG. 1. Dependence of the void parameters onxn and t in the rangexn,min,xn,10 and 0.02,t,0.1: ~a! the surface plot for the
dimensionless void sizexv , ~b! the surface plot for the dimensionless dust charge at the void boundaryzv , ~c! the surface plot for the dus
density parameter jumpPv at the void boudary, and~d! the surface plot for the dimensionless ion velocity at the void boundaryuv . The
results are obtained for quasineutral voids whenxi50.2. Thevalue ofxn,min , where the void size is close to zero, is 1.6 fort50.02; for
largert, the minimumxn decreases. The figure shows that the size of the void at lowestxn increases witht.
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void!, namely,D, which is the ratio of the void size to th
electron Debye length, andxi , which is the ratio of the ion-
ization length to the ion-neutral collision mean free path. F
the second parameter, the density of neutral species is
celed in the final expressions since both the ionization
and the ion-neutral collision mean free path are proportio
to the neutral density. Thus the parameterxi does not depend
on the neutral gas pressure and depends only on the io
tion power. The parameterD is proportional to the neutra
gas pressure. In numerical solution in the void region we w
use either equations for the quasineutral void, which dep
only on one parameter~normalizedxi) or for a void smaller
than or of the order of the electron Debye length, the sys
of equations depending on bothD andxi .

In addition to the solution of the equations in the vo
region, it is necessary to satisfy the boundary conditions
the void surface, which additionally depend on the param
xn , namely the ratio of the ion-neutral collision mean fr
path to the ion-dust collisions mean free path times the
rameterP. The value of the parameterP here is not arbitrary
and corresponds to its value at the boundary of the v
which should be found as a solution of the boundary con
tions. The value ofP at the boundary of the void determine
the jump of the dust density at the void surface. This ju
05660
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can be obtained after dust charges at the boundary of
void are determined. The boundary conditions give two v
ues: the dust charge at the void boundary and the size o
void. The electron and ion densities at the void surface
the value of ion drift velocity are found straightforwardly
The knowledge of these parameters is sufficient to find
value of the parameterP at the void boundary and thus th
jump of dust density. There could be two possibilities f
which the void does not exist: the absence of the solution
the boundary conditions and the negative value of the par
eterP at the surface of the void.

The calculations are started in the center of the v
x50. The void is assumed to be planar and only 1D non
ear equations are solved atx.0 ~the void is also assumed t
be symmetric with respect tox50). At the center of the
void, x50, the electric field is zero,E50, and the ion den-
sity is n51 ~in the normalization used!. For the quasineutra
voids, ne5n and the dimensionless electron density is a
equal to 1. For nonquasineutral voids, it is necessary to
the proper asymptotics in the center of the void:F
→x/xi ,E→2x/xi for x→0, which implies that ne→1
22D2/xi ~this condition is the direct consequence of Po
son’s equation!. Sincene.0 in the center, the nonquasineu
9-5
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FIG. 2. The same as in Fig. 1 but forxi51. The value ofxn,min52.6 is larger than that in Fig. 1.
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tral void can exist only forxi.2D2. This condition is taken
into account for the numerical solution of nonquasineu
dust voids.

For fixedD andxi for nonquasineutral voids or for fixe
xi for quasineutral voids, the void exists if the parameterxn
exceeds some critical value. In some cases, the void e
within a certain range of the values of the parameterxn be-
tween xn,min and xn,max, and for other conditions the void
can exist in several ranges of the parameterxn . The bound-
ary conditions depend also on the parameterst5Ti /Te and
a5ad /di . The calculations were performed for the para
eter range most interesting for existing experiments: 0
,t,0.1 anda50.1. In principle, the boundary condition
can restrict the range of these parameters as well~for a void
to exist!. Thus an increase oft can lower the threshold fo
xn , as can be seen from the results given below. The res
are presented for the parameterxn exceeding the threshol
for the smallest value oft used. In this case, the results c
be presented in the compact form as surface plots. All ca
lations are performed for argon plasma.

A. Numerical results for quasineutral voids

In the case of a quasineutral void, the calculations w
performed for the the dimensionless parameterxi ~the ratio
of the ionization length to the ion-neutral mean free pa!
being equal to 0.2, 1, and 5. The first case corresponds to
05660
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high ionization rate and the third case corresponds to the
ionization rate~high and low ionization power, respectively!.
Figures 1, 2, and 3 show the corresponding results for
allowed range of the void sizes for these three values of
parameterxi . Figures 1~a!, 2~a!, and 3~a! show the size of
the void xv as a function ofxn and t in the rangexn
.xn,min and 0.02,t,0.1; Figs. 1~b!, 2~b!, and 3~b! show
the dust chargeszv at the surface of the void in the sam
range; Figs. 1~c!, 2~c!, and 3~c! show the jumpPv of the
parameterP at the surface of the void; and Figs. 1~d!, 2~d!,
and 3~d! show the ion drift velocityuv at the surface of the
void. The calculations are performed untilxn510 ~note that
the latter is not related to the violation of the boundary co
ditions!. For larger values ofxn the void can also exist, and
this was checked by calculation of several points wherexn
was larger than 10. Forxn'10, the size of the void is alread
reaching an almost constant value and further calculati
are not necessary. Note that the size of the voidxv is nor-
malized to the mean free path of the ion-neutral collisio
times the ion to electron temperature ratiot, and the constan
value ofxv in these units means that the void size is a fra
tion of this mean free path divided byt, i.e., it can signifi-
cantly exceed the ion-neutral mean free path. An increas
the mean free path in this limit leads to the increasing size
the void proportional to the mean free path. This asympto
behavior is easy to interpret in a physical way: the size of
void is approximately equal to the ion-neutral collision me
9-6
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FIG. 3. The same as in Fig. 2 but forxi55; xn,min52.8.
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free path divided byt. The voids larger than this size wi
not exist since the drag force will not increase with the s
of the void ~ions accelerated in the void will be stopped
the ion-neutral collisions!. This behavior is found for all cal-
culations performed for the quasineutral voids. Asympto
cally, the constant determining what fraction of the me
free path~divided byt) is the void size changes appreciab
with the increase ofxi ~the decrease of the ionization powe!,
being 0.3 forxi50.2 and about 1 forxi55. The critical
value of xn for which the void starts to form is shown i
Figs. 1, 2, and 3 as the minimum value of thex axis. The
minimum valuexn,min increases gradually withxi ~with the
decrease of the ionization power!. This minimum value de-
creases with the increase of the temperature ratiot. The
jump of the parameterP at the void boundary,Pv , is the
highest when the void size is close toxn,min . The ion drift
velocities at the surface of the void are of the order of the
thermal velocity, the minimum value being about 0.2 and
maximum value less than 2. With an increase of the ioni
tion lengthxi , the ion drift velocity increases.

B. Nonquasineutral voids

As soon as the size of the void becomes comparable to
electron Debye length, the condition of plasma quasineut
ity is violated. The two series of numerical calculations we
performed: one forD50.5, xi51, which corresponds to th
initial electron densityne50.5, and another forD53, xi
05660
e

-
n

n
e
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l-

e

540, which corresponds to the initial electron densityne
50.45. The case ofD50.5 corresponds to the marginal vio
lation of plasma quasineutrality, while the caseD53 corre-
sponds to the substantial violation of the quasineutrality. T
results are shown in Figs. 4 and 5. The main features of
quasineutral void survive, including, specifically, the te
dency to have asymptotically a void with size proportional
xi , but the factor can be higher than 10. The minimum s
xn,min for xi51 further increases up to 2.7. The new ph
nomenon created by the absence of quasineutrality is
presence of two zones of possible values ofxn for a void to
exist. The second zone not shown in Fig. 4 is for the re
tively narrow range 1.1,xn,1.2. For the second set of nu
merical calculations for a large violation of quasineutrali
D53 andxi540 ~Fig. 5!, it was revealed that the two zone
of possible values ofxn determine the conditions for a voi
to exist. One of the zones is for the narrow range ofxn ,
namely 4.7,xn,5.06, and it is not shown in Fig. 5. Anothe
zone that appears at rather low values ofxn , namely 0.69
,xn,3.4, is presented in Fig. 5. For this zone, the value
ion drift velocity at the surface of the void becomes ve
large when the parameterxn is approaching the largest pos
sible values in the zone.

VI. DISCUSSION AND CONCLUSION

According to recent experiments@1–4#, dust voids usually
appear from a uniform dust cloud as a result of an instabi
9-7
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FIG. 4. The parameters of the nonquasineutral void forxi51,D50.5 ~compare with Fig. 2!; xn,min52.8.
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associated with increased local ionization in spontaneo
appearing depletions of the dust number density. In the
gion of reduced dust density, there are more electrons s
fewer of them are absorbed by the dust. The higher elec
density leads to higher ionization rate. This region of
creased ionization will develop an increased positive sp
charge with respect to the surrounding medium. As a res
the outward ion flow develops. Thus there appear two for
acting on the negatively charged dust particles: an inw
electrostatic force and an outward ion drag force. For a sm
particle size, the inward force will dominate and fill the du
density depletion so the fluctuation will disappear. Howev
if the particle exceeds a critical size, the outward ion d
force exceeds the electrostatic force. The region of redu
dust density will then expel more dust particles, and the fl
tuation will grow. After sufficient growth, the mode becom
nonlinear and the growth saturates. One possible final s
as seen from this study, is a stable void.

The existence of a void requires a local source of ioni
tion in a background plasma such as that in gas discha
used for plasma processing and dust-plasma crystal ex
ments, where the ionization is due to electron impact,
though photoionization and other sources of ionization co
have a similar effect. In the absence of local ionization,
dust cloud, a structure converse to the void, can appear.
situation can be applicable to astrophysical dust clouds@9#
when, in the absence of local ionization, the ions must or
05660
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nate from a distant plasma source. Thus there is an inw
ion flow that creates an inward ion drag force. This collap
the dust cloud, whose size also, like that of a void, can
regulated by the balance of two forces, but now they are
outward electrostatic force and the inward ion drag force

In most of the existing experiments, the voids are eith
collision-dominated with respect to the ion-neutral collisio
or marginal between the collision-dominated case and
collisionless case. Thus the present theory gives results
can be directly compared to experimental data. The result
experiments@2# can be qualitatively explained by the prese
theory. The size of the voids observed corresponds to
mean free path~with respect to the ion-neutral collisions!
divided by the ion/electron temperature ratio, i.e.,xn /t in
our dimensionless units, which corresponds to the exp
ments @2–4#. An increase of the size of the void with a
increase of the ionization power is observed in coincide
with the theoretical results of the present paper. The lar
the size of the dust particles, the smaller is the mean
path in ion-dust collisionsdi

2/ad , thus for fixed pressure the
value of xn ~the dimensional ionization distance is norma
ized bydi

2/ad) increases and a comparison can be made w
the mentioned asymptotical behavior of dust void size w
the mean free path. The validity of the results are confirm
since the value of the ion drift velocity at the surface of t
void is not larger than 2 when the use of the dependenc
9-8



THEORY OF COLLISION-DOMINATED DUST VOIDS IN . . . PHYSICAL REVIEW E 63 056609
FIG. 5. The parameters of the nonquasineutral void forxi540,D53 ~compare with Fig. 4!; xn,min50.69.
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ion mobility on the drift velocity used in the model is know
to be experimentally verified.

We note that a ‘‘collisionless’’ void@5# can be sustained
by the ion drag force when the ions have a velocity grea
than the ion thermal speed,u@1 in our nondimensiona
units. That is because the ion drag force increases withu for
u,1 and then it decreases withu for u.1; at still higher ion
speeds, where the Mach numberM is greater than unity,
M.1, there is a third regime dominated by the ion colle
tion force by the dust where the ion drag force once ag
increases withu; see Fig. 3 of Ref.@5#. We recall that in the
collisionless void model, as ions flowed outward from t
void center, the ion velocity was greater than the ion therm
speed,u.1, andu increased with the distance from the vo
center. That meant that they were in the regime in which
ion drag force diminished with distance from the void cent
At a sufficient distance from the void center,u becomes suf-
ficiently high that the ion drag force is no longer bigger th
the Coulomb force in the opposite direction, and then th
can be dust particles present.

In the colllisional case, see Figs. 6 and 7 of the pres
paper, it appears thatu<1 almost everywhere in the void
That means that the ion drag force is basically in the reg
in which the force increases withu, which is different from
the collisionless case studied in Ref.@5#. In particular, in the
collisional case, the electric field and the ion drag force b
increase with the ion speed. However, the faster increas
the electric fieldE can lead to the force balance, especially
05660
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the case in whichu;1, when the further increase~with the
distance off the center of the void! of the ion drag force
actually stops. Note that the dimensionless ion speed is t
cally of order unity at the void edge. On the other hand,
charge of a dust particle enters also the force balance e
tion, and is also a function of the distance. The result i

FIG. 6. An example of distributions of the electron and io
densities, electric field, ion flux, and ion drift velocities in the vo
region for the casexi55,D50.5 The size of the void~where the
lines should finish! is not determined.
9-9
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complex interplay of a number of functions of the distan
from the center of the void~the electric field, dust charge
speed of the ion flow, etc.!; see Fig. 6.

In our calculations, we neglected the~possible! influence
of the thermophoretic force associated with temperature
dients. The gradient of the neutral temperature in the v
region is produced by the flowing ions colliding with th
neutral species. The drift velocity of the ions increases
wards the boundary of the void. However, for the therm
phoretic force to be comparable with the other forces~e.g.,
the ion drag force!, we have taken into account in our calc
lations that it is necessary for the drift velocity to be of ord
of the Bohm velocity, i.e.,u of the order of (mi /me)

1/2,

FIG. 7. Comparison of the distribution of void parameters wh
the quasineutral assumption is made~the parameters marked by th
superscriptq) with the distribution of the void parameters when t
quasineutral assumption is not made for the case of marg
quasineutrality conditions. The valuexi55 is the same in compari
son while the value ofD is D50.5.
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which we can hardly observe in these collision-domina
voids, and the assumption of the neglect of the therm
phoretic force is justified. We finally note that the prese
theory does not provide the initial transition stages of
void formation, but rather demonstrates the existence of
tionary solutions in the case of bordering void-dust regio
Instabilities leading to the void formation should be studi
separately.
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APPENDIX: GENERAL EXPRESSIONS IN THE DUST
REGION

The plasma capture~charging! coefficient ach and the
plasma drag coefficientsadr have the following dependenc
on t5t/z and on the ion drift velocityu:

ach5
erf~u!

8u
~21t13u2t !2

texp~2u2!

4Ap
, ~A1!

adr5
erf~u!

8u3 F t~2114u214u4!12t~2112u2!14lnS 1

aD G
1

exp~2u2!

4Apu2 F t@ t~112u2!12#24 lnS 1

aD G . ~A2!

The solution of the Poisson equation in the dust region gi
the analytic expression for the parameterP,

n

al
P5

F ~n2ne!
t

a2
1u2nadr

z

R

]~adrz!

]z
2zneadrauG ~122u2!1A

S t

a2
2znadrachD ~122u2!2B

, ~A3!

where

R511
erf~u!

4uzach
, ~A4!

A5
nu

R S ]~zadr!

]z D H nuzadr12uach

ne

n
2

1

xn
u~21auu!2

1

ach
S ]ach

]u D Fu2nzadr2ach

ne

n
2u2

1

xn
~21auu!G J

1nuzS ]adr

]u D Fu2znadr

t
2u2

1

xn
~21auu!2ach

ne

n G . ~A5!

B5
nu

R S ]~zadr!

]z D FuS 2ach2
z

t
adrD2

]ach

]u
1

u2zadr

tach

]ach

]u G1nuzS ach2u2adr

z

t D ]adr

]u
. ~A6!
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The value of parameterP at the surface of the void can b
found by substituting in Eq.~A6! the densities of electron
and ions and the ion drift velocity from the results obtain
.

.

46

05660
numerically in the void region at the position at the vo
surface. The parameterz at the void surface is found directl
by solving the boundary conditions.
,
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