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Theory of dust voids in plasmas

J. Goree,* G. E. Morfill, V. N. Tsytovich,† and S. V. Vladimirov‡

Max Planck Institut fu¨r Extraterrestrische Physik, Giessenbachstrasse, 85740 Garching, Germany
~Received 10 December 1998!

Dusty plasmas in a gas discharge often feature a stable void, i.e., a dust-free region inside the dust cloud.
This occurs under conditions relevant to both plasma processing discharges and plasma crystal experiments.
The void results from a balance of the electrostatic and ion drag forces on a dust particle. The ion drag force
is driven by a flow of ions outward from an ionization source and toward the surrounding dust cloud, which has
a negative space charge. In equilibrium the force balance for dust particles requires that the boundary with the
dust cloud be sharp, provided that the particles are cold and monodispersive. Numerical solutions of the
one-dimensional nonlinear fluid equations are carried out including dust charging and dust-neutral collisions,
but not ion-neutral collisions. The regions of parameter space that allow stable void equilibria are identified.
There is a minimum ionization rate that can sustain a void. Spatial profiles of plasma parameters in the void are
reported. In the absence of ion-neutral collisions, the ion flow enters the dust cloud’s edge at Mach number
M51. Phase diagrams for expanding or contracting voids reveal a stationary point corresponding to a single
stable equilibrium void size, provided the ionization rate is constant. Large voids contract and small voids
expand until they attain this stationary void size. On the other hand, if the ionization rate is not constant, the
void size can oscillate. Results are compared to recent laboratory and microgravity experiments.
@S1063-651X~99!16405-5#

PACS number~s!: 52.35.Ra, 52.35.Kt, 52.25.Vy
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I. INTRODUCTION

A dusty plasma is an ionized gas containing small p
ticles of solid matter, which acquire a large electric cha
by collecting electrons and ions from the plasma@1,2#. A
‘‘void,’’ or dust-free region in a dusty plasma, was disco
ered in several experiments@3–8#. Praburam and Goree@3#
found that as particles in a sputtering plasma grew in dia
eter, an instability developed in two stages. First was
sudden onset of a ‘‘filamentary mode’’ of;100 Hz in
which the ionization rate and dust number density were b
modulated, and this developed into the second stage, a v
The void was a stable centimeter-size region completely
of dust. Samsonov and Goree@4,5# found that the void has a
sharp boundary with the surrounding dusty plasma, as sh
in Fig. 1. The electron density and ionization rate were
hanced in the void, compared to the surrounding dust clo
Melzer, Piel, and Schweigert@7# found a similar void in a
silane deposition plasma. Using much larger particles
form a ‘‘strongly coupled’’ dusty plasma inside a soundi
rocket, Morfill et al. @8# observed a centimeter-size void th
was usually stable. However, for some operating conditi
it exhibited a 1.5-Hz relaxation oscillation, termed t
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‘‘heartbeat,’’ in which the void shrank drastically and the
expanded to its original size. All the experiments describ
above were carried out in a gas discharge that was susta
by electron-impact ionization, and all featured a void with
sharp boundary.

Two mechanisms are required to explain voids: a fo
balance on a dust particle, and maintenance of a sh
boundary. The balance of the electrostatic and ion d
forces, as explained by Samonov and Goree@4#, involves
electron depletion and electron-impact ionization. The te
‘‘electron depletion’’ refers to the reduction of electron num
ber density in a dust cloud due to absorption on the partic
@9#. This reduces the electron-impact ionization rate in a d
cloud. In a void, the comparatively higher ionization ra
leads to an electric field that is directed outward from t
void’s center. This yields an outward ion flow, which exe
an outward ion drag force on the dust particles, as sketc

y,

s-

d-
/

FIG. 1. Image of a void in a carbon sputtering plasma. A du
plasma is located between the two electrodes. This image is a c
sectional view, produced by laser light scattering in a vertical pla
Darker grays correspond to higher particle number densities.
particles have a diameter'320 nm and a number densit
'23106 cm23. A centimeter-size void appears in the center of t
discharge, and in this case it is closer to the powered rf electrod
the top. Note the sharp boundary between the void and the
rounding dust cloud. Reprinted from Samsonov and Goree@4#.
7055 ©1999 The American Physical Society
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FIG. 2. Sketch of a void~left! and its converse~right!. In the presence of electron-impact ionization, a positive space potential deve
creating an outward ambipolar electric field that drives ions outward, applying an outward ion drag force, which can maintain a voi
absence of electron-impact ionization, for example in a space plasma where plasma is generated far away, the dust cloud fo
complementary shape of a spheroid, with its boundary sustained by an inward ion drag force driven by an inward electric field.
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in Fig. 2. In equilibrium, there is a balance of forces on
dust particle: an inward electrostatic force and an outw
ion drag force.

‘‘Ion drag’’ is the force exerted on a charged dust partic
by flowing ions. It arises from two mechanisms: some i
orbits are deflected by the Coulomb attraction of a negativ
charged dust particle, exerting the ‘‘orbit force,’’ while oth
ers strike the particle surface, exerting the ‘‘collection forc
@10#. ~These forces were called the ‘‘Coulomb collision’’ an
‘‘charging collision’’ forces, respectively, in the review b
Tsytovich @2#.! The collection force increases with the io
velocity, whereas the orbit force has a peak at the ion ther
velocity, as shown in Fig. 3. WhenTi /Te!1, there are three
regimes for the ion drag force: subthermal, intermediate,
supersonic. The latter is due solely to the collection force
this paper we will use approximations for the ion drag for
that are valid in the intermediate and supersonic regimes

The second mechanism required to explain the void
the maintenance of a sharp boundary. Sharp boundaries
common feature of dusty plasmas, not only those with vo

FIG. 3. Ion drag force dependence on ion drift velocity. The
are three regimes, corresponding roughly to subthermal and su
sonic ion velocities, with an intermediate regime between. T
power-law scaling with ion velocityui is indicated for these three
regimes. The ion velocity is normalized byA2Ti /mi , and the ion
drag is normalized by the force 4pnia

2Te /ATi /Te. The plasma
parameters assumed areTe53 eV, Ti50.05 eV, and ne5ni

51010 cm23; the particle radiusa50.1 mm; and the floating po-
tential isz52.7 in units ofTe , corresponding approximately to th
experiments of Refs.@4–6#.
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but many others as well. In the laboratory, dome- and ri
shaped dust clouds form above electrodes in etching p
mas, and these clouds have a sharp edge@11#. Planetary rings
@2,13# and the noctilucent clouds in the lower ionosphe
@12# also have sharp boundaries. In a theoretical model o
dust cloud surrounded by a clean plasma, Tsytovich@15#
found that the existence of a numerical solution of the h
drodynamic equations required a sharp boundary. This
solved a problem that had arisen in a previous attempt@14# to
model a stationary interface between a dust cloud and a c
plasma@16#. In the present paper we will extend the meth
of Ref. @15# by including ionization and superthermal plasm
fluxes, which are required to explain the voids. We deve
the boundary conditions required to solve the void probl
with a sharp boundary.

In experiments@4,5#, the void arises from a uniform dus
cloud as a result of an instability. This instability develops
follows. Suppose that in a uniform dust cloud in a gas d
charge, there is a spontaneous fluctuation in the dust num
density. In the region of reduced dust density, there is l
electron depletion by the dust. This leads to a higher elec
density there, and a correspondingly higher ionization ra
This ionization hot spot will develop a positive space cha
with respect to the surrounding medium. The resulting o
ward electric field applies two forces to the negative
charged dust particles: an inward electrostatic force and
outward ion drag force Fig.~2!. For a small particle size, the
inward force will dominate and fill the hot spot again wi
dust, and the fluctuation will disappear. This is the init
stable situation. However, if the particle exceeds a criti
size, the outward ion drag force exceeds the electrost
force. The region of reduced dust density will then exp
more dust particles, and the fluctuation will grow. This is
instability that yields the ‘‘filamentary mode.’’ The thresho
for the instability is determined by particle size and elect
field strength. The particle size is an independent parame
whereas the electric field is determined self-consistently
the electron and ion transport mechanisms and Poiss
equation. This initial stage of linear growth was modeled
D’Angelo @17#.

After sufficient growth, the mode becomes nonlinear, a
the growth saturates. This final nonlinear state cannot
course be predicted by a linear model of the instability. O
possible final state, as seen in some experiments@3–6#, is a
stable void.
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PRE 59 7057THEORY OF DUST VOIDS IN PLASMAS
In this paper we model stable equilibrium voids. The h
tory that led to the formation of the void, whether by a
instability as described above or by some other mechan
is not modeled here. Because the equilibrium devel
through nonlinear effects, we use a nonlinear treatment of
relevant fluid equations. The only collisions taken into a
count are dust-electron and dust-ion collisions inside the d
region. We use this model to predict the conditions fo
void’s existence, its size, and its sharp boundary with
surrounding plasma.

We scanned a broad range of plasma and dust param
to map out the phase diagram for void size. This diagram
useful to show that the void is a stable equilibrium and
determine the range of parameters where voids can exist
show that if a void can appear, there is usually one sta
void size, and we find the characteristic time of the evolut
to that size.

The void’s existence requires a local source of ionizat
of a background gas. This means that the problem we in
tigate here is mainly applicable to gas discharges, where
ionization is due to electron impact, although photoioniz
tion and other sources of ionization could have a sim
effect. In the absence of local ionization, the converse o
void appears, as sketched in Fig. 2. This latter problem
applicable for example to astrophysical dust clouds, an
was modeled by Tsytovich@2#. Electron depletion in the dus
cloud causes the dust cloud to acquire a negative sp
charge, which attracts ions. In the absence of ionization,
ions must originate from a distant plasma source. Thus th
is an inward ion flow that creates an inward ion drag for
This collapses the dust cloud into a compact shape, wh
size is regulated by a balance of the outward electrost
force and the inward ion drag force. This problem is ana
gous to the void problem we treat here, except that by
cluding a local ionization source, the ion flow causes a v
to develop.

II. MODEL

A. Overview

We develop a one-dimensional model based on a se
fluid equations, Poisson’s equation, and a charging equa
for dust. These equations are nonlinear, and we solve t
numerically.

We assume equilibrium conditions where all time deriv
tives are zero. This equilibrium assumption is appropri
both for steady-state conditions and for a void that devel
so slowly that an electrostatic equilibrium is always ma
tained. This assumption also implies that electron-ion p
are ultimately absorbed by dust or a wall located beyond
dust region. We do not need to extend our simulation volu
that far, however, since solving the void problem requi
only that we find the dust cloud parameters at the voi
boundary.

In the model, all variables depend only on the distancex,
as sketched in Fig. 4. We suppose that the problem is s
metric aroundx50, which is the system’s center. The ele
tric potential and ion drift velocity are zero at the center.
the void appears, its center is atx50. Thus we model two
regions: the void withuxu,xv , and the surrounding dust
plasma withuxu.xv , wherexv indicates the void boundary
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We will develop equations that are valid in both the void a
the dust regions. We will solve the equations numerically
the void region, using the equations in the dust region
specify the boundary conditions at the void’s edge. Our
merical results will therefore be valid foruxu<xv .

Dust grains are charged negatively due to the large r
of the electron and ion thermal velocities. Three forces ac
the dust: electrostatic, ion drag, and neutral gas drag.
latter force is proportional to the dust particle velocity, whi
is zero in the stationary state, but we retain it to include
void velocity during slow motions. The ions are subject
the electrostatic force, while the electrons are Boltzmann
tributed. We neglect ion-neutral collisions.

In many ways, the problem we solve resembles a she
@18,19#. The void region bounded by a dust cloud is ana
gous to a plasma bounded by an electrode sheath. The
ference is the boundary condition for a void is different a
more complicated. An electrode sheath develops in fron
an electrode, which is at a fixed position and absorbs e
trons and ions at its surface. In contrast, the boundary o
dust cloud can move freely in response to forces on the d
and it is a diffuse body penetrated by electrons and ions.
must model the interior of the dust cloud in order to pred
where its boundary will be, and at what potential.

B. Dimensionless variables

The dimensionless variables that we will use are defin
here. Dimensionless quantities appear on the left-hand-
of the equations below.

The ion and electron densities are normalized by the
densityn0i at the centerx50,

n[ni /n0i ,

ne[ne /n0i .

The temperature ratio is

t[Ti /Te .

The electric potential is normalized by the electron tempe
ture,

c[ef/Te .

FIG. 4. Sketch of the one-dimensional simulation configurati
A dust cloud fills all space except for a void region of full widt
2xv centered atx50. The boundary conditions aref}x2 near the
origin and]f/]x continuous atx5xv . The numerical solutions we
will present are valid for the void regionx<xv .
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The most convenient normalizations for the electric field a
position will be

E[
edi

2

aTeATi /Te

E, ~1!

x[
aATi /Te

di
2

x, ~2!

wherea is the dust particle radius. The ion Debye lengthdi
is approximated asdi5(Ti /4pn0ie

2)1/2. If the effect of
streaming ions were taken into account,di would be larger
@20#. The dimensionless potentialc and the electric field are
related by

E52
]c

]x
. ~3!

The two important velocities in the problem are the i
velocity ui with respect to the dust, and the dust velocityvd
with respect to the neutral gas. These velocities are va
different in magnitude, and they are not determined by
same forces. Thus it will prove convenient to adopt differe
normalizations for them. The ion drift velocityui is normal-
ized using the ion thermal velocityvTi5(Ti /mi)

1/2,

u[ui /A2 vTi ,

or as a Mach number

M[ui /ATe /mi .

The dust velocityvd is normalized by several factors includ
ing the thermal velocity of the neutral gas,vTn
5(Tn /mn)1/2,

v[
vd

vTn

nn

n0i
S 3Tn

Te
DAt, ~4!

wherenn is the neutral gas density.
In the regions where there is dust, we will need additio

dimensionless parameters. In physical units, the nega
dust charge is2eZd , wheree.0 andZd.0. The dimen-
sionless dust charge and dust number density parametP
are

z[Zde2/aTe , ~5!

P[ndZd /n0i . ~6!

The dimensionless chargez is equivalent to the grain’s float
ing potential2Zde/a normalized byTe . Its value, which
must be computed from a charging equation, is typicallz
'2.5. The dust number density parameterP in Eq. ~6! is
essentially the ratio of the negative charge density of the d
compared to that of the electrons in a clean plasma.
parameterP is defined, as in Refs.@14,15#, in a way that is
useful for our nonlinear problem. It is related to the para
eter introduced in Ref.@9# by PHavnes5Pn0i /(nez) . When
P;1, the electrons in the dusty plasma are substantially
pleted.
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A few more dimensionless parameters will be defin
later. These include the ionization rate and, in the dust
gion, the ion drag force and the dust charging rate. For
problem of expanding and contracting voids, we will al
require a normalization for time.

C. Simplifying approximations

In this section we list the approximations. Our model
one dimensional. This is adequate for predicting the ex
tence of a stable void equilibrium and the size of a void, b
we cannot predict the three-dimensional shape of a void
shown in Fig. 1.

The dust particles are assumed to be spherical and m
dispersive, and they emit no electrons. The latter assump
is appropriate for laboratory experiments, but not for ast
physical conditions where photoemission and second
emission often result in a positive dust charge. Grav
which would be a factor for laboratory experiments with pa
ticle sizes.1 mm, is neglected since the void experimen
to date either had smaller particles@4# or were carried out
under microgravity conditions@8#. Our fluid model neglects
dust inertia effects which would play a role at the du
cloud’s boundary; these are unimportant for small dust p
ticles and in a stationary equilibrium.

We neglect dust kinetic effects, which might play a role
the dust cloud’s boundary. We neglect any heat transfer p
cesses, which might influence the void movement and
mation.

By assuming equilibrium conditions, we are unable
model fast-moving voids, which have not been reported
experiments anyway. We will present equations useful
any kind of slow motion of a void. While several kinds o
void motion are possible, in our numerical solutions we w
evaluate only one kind: expansion and contraction abou
stationary center.

We approximate thatTe andTi are spatially uniform, with
the same values in the void and the dust. It is known fr
simulations@21# of dusty gas discharges thatTe is higher in
the dust cloud by as much as a factor of 2. We do not
count for this; if we did, it would likely affect our results
quantitatively but not qualitatively. We also neglect ioniz
tion in the dust region, since it was shown in the experime
@4# to be severely depressed there, as compared to the
We use an approximate expression for the ion Debye len
that neglects the streaming ions, as explained above.
Coulomb logarithm for ion scattering by dust will be affecte
by the latter approximation. This can affect the ion dr
force by as much as a factor of 2, since the logarithm ty
cally has a small value for this problem.

Perhaps the most noteworthy approximation is that we
not include ion-neutral collisions, which would exert a dr
force on the ions. They reduce the ion velocity, which affe
the ion drag force on a dust particle as well as the d
particle’s charge.

In computing the ion drag force on the dust particles,
assume the ion velocity in the dust region is supertherm
We require only that this assumption be valid at the bou
ary between the dust and void, and our results show thi
always true for our plasma conditions without ion-neut
collisions. The drift of electrons is neglected, since it is a
sumed to be slow compared to the electron thermal veloc
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PRE 59 7059THEORY OF DUST VOIDS IN PLASMAS
D. Equations in the void region

In the void region there is no dust, so we include only t
electrons and ions in Poisson’s equation. All equations
for a steady state, with]/]t50.

With normalization of Eq.~2!, Poisson’s equation insid
the void is

]E

]x
5S di

a D 2

~n2ne!. ~7!

We assume that the electrons are Boltzmann distributedne
5n0e exp(c), so that

1

ne

]ne

]x
5

]c

]x
. ~8!

The left- and right-hand sides of Eq.~8! correspond to the
electron pressure force and the electrostatic force, res
tively, which balance each other in equilibrium.

The ion momentum equation also expresses a force
ance in equilibrium. The expression in physical units,

ui

]ui

]x
52

e

mi

]f

]x
, ~9!

can be integrated and rewritten in dimensionless units a

tu252c, ~10!

which is equivalent to conservation of energy for ion moti
in the absence of collisions. We neglect ion-neutral co
sions, which would apply a drag force on the right-hand s
of Eq. ~9!.

The ion continuity equation

]nui

]x
5n ine

includes the ionization source on the right-hand side. Hern i
is the plasma ionization frequency, which increases expon
tially with Te and also depends on the atomic parameter
the neutral gas@22#. Since we assumeTe is uniform,n i will
be uniform as well. For simplicity, we will neglect ionizatio
in the dust cloud, since an experiment@4# showed that ion-
ization is highly suppressed in the dust, due to elect
depletion. We will also approximate that the ionization ra
is uniform in the void, since it will turn out thatne is fairly
uniform inside the void. Thus we approximate

]nu

]x
5H n in0e if uxu,xv

0 if uxu.xv .

Rewriting the ion continuity equation in dimensionless un
we have

]nu

]x
5H 1/x0i if uxu,xv

0 if uxu.xv ,
~11!

where
e
re

c-

l-

-
e

n-
of

n

,

1/x0i[
n0en idi

2

n0ia vTiA2Ti /Te

~12!

is the dimensionless ionization rate.
Boundary conditions are required at the centerx50 and

at the void’s edge. At the center, symmetry requires thaE
50, so that the potential is parabolic for smallx:

cux→0}x2. ~13!

This is the first boundary condition to be satisfied. Furth
boundary conditions will be applied at the void’s edge,x
5xv .

E. Equations in the dust region

In the region occupied by dust, the dust charge should
taken into account in Poisson’s equation. This requires fi
ing the self-consistent dust charge and number density.
charge is found from a charging equation, which depends
the electron and ion parameters. The number density is fo
using the equations of motion and continuity for dust. Fi
we give Poisson’s equation, then equations for the dust,
finally equations for the electrons and ions.

Poisson’s equation in dimensionless units is

]E

]x
5S di

a D 2

~n2ne2P!. ~14!

An exact analytic solution of Poisson’s equation in t
dust region is possible because of the electrostatic force
ance for dust particles. Under our assumption of steady-s
conditions we neglect dust inertia, so that the force bala
on a dust particle, in physical units, is

FE1Fdr1F fr50, ~15!

where the Coulomb, ion drag, and neutral drag forces
respectively,

FE52ZdeE,

Fdr5miuin,

F fr53nna2vTnmnvd .

Here n is the collision frequency for momentum transf
between ions and dust, and the expression given forF fr is for
diffuse reflection from a sphere@23,24#. The electric field
appearing in Eq.~15! includes the field of the dust particles
In dimensionless form, Eq.~15! is

2zE1unz2adr5v, ~16!

where the first and second terms on the left-hand side co
spond to the electrostatic force and the ion drag force,
spectively, and the right-hand side is the friction force w
the neutral gas. For a stationary void, where the dust velo
v is zero, the force balance is simplified as

2E1unzadr50. ~17!
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In Eqs.~16! and~17! we have introduced a dimensionle
coefficientadr for the ion drag:

adr5
t3/2

4pnia
2vTiz

2
n.

Writing out n, the ion drag collision frequency@10#, the co-
efficient is

adr5
1

2At u3 F lnS di

a D1
tu2

z
1

t2u4

z2 G , ~18!

where the first term in brackets corresponds to the o
force, while the last two terms correspond to the collect
force. There are several approximations in this express
which we list here. The Coulomb logarithm in the orbit for
corresponds to an integral over ion impact parameters ra
ing from a minimum of the particle radius to a maximum
the ion Debye length. The true minimum impact paramete
actually larger thana because of the attractive potential
the negative dust particle@10#. The expression we use fordi
neglects the ion streaming. The orbit force has a power-
dependence on ion velocityu that assumes superthermal io
flow u@1. The expression for the collection force assum
the orbital-motion limited~OML! model of ion collection
@25,26# in the same superthermal ion flow limit,u@1.

The dust particle’s chargez or ‘‘floating potential’’ is de-
termined in the steady state by a balance of the electron
ion currents collected by the particle@25,26#. The charging
equation for a dust particle is

exp~2z!5
n

ne
Apme

mi

2z

t
ach, ~19!

where the left-hand side comes from the electron curr
~which is suppressed exponentially by electrostatic rep
sion!, and the right-hand side corresponds to the ion curr
In the OML model@25# the ion charging coefficientach de-
pends in general on the ion temperature and drift velocity
the same limitu@1 that we used for the collection force,

ach5
1

At u
S 11

tu2

z D , ~20!

so that the ion velocityu will be taken into account in the
charging equation.

The dust continuity equation is trivial when the dust
stationary. On the other hand, for a void with moving du
for example when the void is expanding or contracting
size, the dust continuity equation must be included in
model, so we develop it in Sec. II F.

Now we list the equations for electrons and ions. As in
void, the electrons are Boltzmann distributed,

ne5n0e exp~c!.

The ion continuity equation in dimensionless units is

]nu

]x
52nPach. ~21!
it
n
n,

g-

is

w

s

nd

nt
l-
t.

n

,

e

e

The right-hand side of Eq.~21! represents absorption on th
dust particles. Ionization sources would appear on the rig
hand side, but we neglect them in the dust region, as
plained earlier. The ion momentum equation is similar to E
~9!, with the addition of the ion drag force. In dimensionle
units it is

]~tu21c!

]x
52zuPadr . ~22!

Equations~19!, ~21!, and ~22! are used to calculate th
left-hand side of Poisson’s equation~14! as a linear function
of P. Thus Poisson’s equation can be solved exactly in
dust cloud to yield an expression forP. The dissipative na-
ture of the dust cloud allows us to find an algebraic soluti
without need for numerical methods. The result, which
present as Eq.~A1! in the Appendix, may have wide appli
cations.

F. Dust continuity equation for a moving void boundary

For the case of a void that is expanding or contract
with time, we must pay attention to the moving bounda
and find the proper boundary condition for the dust veloc
Let us assume thatx5xv(t) describes the boundary motion
wherexv(t) is the boundary’s position at timet. The dust
density near the boundary can be written as

nd~x,t !5nd@x2xv~ t !#. ~23!

The dust continuity equation for the time-dependent dust
tribution is given by

]nd

]t
1

]ndvd

]x
50, ~24!

wherend and vd are functions ofx and t. Substituting Eq.
~23! into Eq. ~24!, we find

]nd

]x S 2
dxv~ t !

dt
1vdD1nd

]vd

]x
50.

The dust velocity at the boundary equals the boundary
locity dxv(t)/dt, and

]vd

]x U
x→xv(t)

→0. ~25!

Note that we have assumed a slow motion so that
electrostatic equilibrium is constantly maintained. In th
case we are able to investigate the boundary motion, but
the dust motion inside the dust cloud. In dimensionless un
time is normalized as

t[
avTn

di
2

n0i

nn

TeAt

3Tn
t. ~26!

For the moving void boundary, in the process of match
the electric field, we take the derivative of both sides of E
~16!. We then use Eqs.~21! and ~25! to find ]E/]x. This is
substituted into Poisson’s equation@Eq. ~14!#.
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G. Sharp dust-void boundary

Experiments have shown that the dust-void boundary
sharp, discontinuous interface@3–5,7,8#. Here we show that
in the steady state this is because the force balance actin
dust particles requires a jump in the dust number densit
the boundary, provided that the dust kinetic temperatur
zero.

First, we must recognize that at the boundary between
dust cloud and the void, the ion and electron parameters,
the electric field, are all continuous. The electric fieldE is
continuous because the particle cloud is a diffuse body
can sustain no surface charge on its boundary. The ion
electron densities and the ion velocity are therefore also c
tinuous. Moreover, the dust chargez is also continuous, since
it is determined by the ion and electron parameters.

Second, we generalize the dust force balance Eq.~16! to
include a nonzero dust pressurendTd . The dust kinetic tem-
peratureTd describes a dust particle’s random motion~and
should not be confused with the particle’s surface tempe
ture, which can be different!. In dimensionless units the dus
pressure is the product of the dust number densityP/z and
the dust temperaturetd , where

td[
Tde2

aTe
2

5
Tdz

TeZd
.

The generalized force balance for stationary condition

td

]

]x S P

z D5
P

z
~2zE1nuz2adr2v !, ~27!

where the gradient in the dust pressure appears on the
hand side. We see that iftd is small, then the dust numbe
densityP/z has an abrupt jump. Sincez is continuous,P also
has a jump. Under these conditions, it is valid to use
simplified force balance of Eq.~16!, or Eq.~17! for a station-
ary void.

The jump inP is positive,

DP5Pv.0, ~28!

sinceZd.0 ~negatively charged dust!. This jump criterion is
necessary to determine whether a void can exist.

The explanation presented above applies to a statio
void. It is also applicable to a void with a moving bounda
provided that the movement is so slow that the force bala
is maintained at all times.

We now consider what would happen if one started wit
void that had a smooth profile, rather than a sharp edge
the ions flow from the void into the dust cloud, they a
gradually absorbed by the dust. The ion flux will therefo
diminish with depth in the dust cloud. Thus the ion dr
force will act more weakly on the second dust layer than
a
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the first, and for subsequent layers it will decrease conti
ously. In other words, the ion drag pressure is most sever
the first dust particles that encounter the ion flow from t
void. This pushes the first layer back toward the others, co
pressing the dust profile so that it develops a sharp edge

There are several effects which could cause the jump
dust density to become a smooth profile rather than a sh
jump. These effects are finite dust particle temperature, fi
particle size dispersion, and finite dust particle inertia. If t
dust temperature is not small,Td!TeZd /z, then the left-hand
side of Eq.~27! is not negligible and the jump is continuou
If the particle size distribution is not monodisperse, then p
ticles will separate at the boundary according to size. T
will occur because two forces on the right-hand side of E
~27! scale differently with particle size. The electric force
}a, whereas the ion drag force is}a2. Particle inertia would
appear as an additional term, with the particle mass an
convective derivative ofv on the left-hand side of Eq.~27!.
As long as the particle mass is small enough~typically
!2 mm), or, alternatively, as long as the problem is nea
steady state]/]t50 and stationaryv50, inertia effects will
be negligible.

H. Equations and boundary conditions for numerical solution

The numerical results we will present are valid in the vo
region x<xv . The equations for the dust regionx>xv are
used primarily to provide boundary conditions atxv , and to
establish whether a void can exist. The equations in the v
region form a simple set of the first order differential equ
tions. We have

dc

dx
52E ~29!

and

]E

]x
52S di

a D 2S exp~c!2
x

A2c x0i
D . ~30!

Solutions of Eqs.~29! and~30! should satisfy two bound-
ary conditions at the dust cloud boundary, namely, the c
tinuity of the electric field and the dust charging equati
~19!. These will yield the position of the void’s boundaryxv
and the dust particle chargezv at the boundary. From Eqs
~10!, ~17!, and~18!, we have the force balance equation

E~xv!2
At zvxv

2x0i@2c~xv!#3/2H lnS di

a D2
c~xv!

zv

1
@c~xv!#2

z2 J 50, ~31!

and from Eqs.~10!, ~19!, and~20! we find the charging equa
tion
l

exp@2zv1c~xv!#5Apme

2mi

xv /x0i

A2c~xv!
F zv

A2c~xv!
1

A2c~xv!

2 G . ~32!

On the left-hand side the sum of the floating potential and plasma potential,2zv1c(xv), is essentially the floating potentia
of a particle at the void’s boundary with respect to the potential at the void’s center.
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Equations~31! and ~32! should be solved together with the jump criterion@Eq. ~28!#, which is the consequence of th
analytical solution in the dust region. At the boundary, we have the exact solution

Pv5
xv@2c~xv!#21/22ec(xv)1821ta2zv

2xv
2@c~xv!#24An„A22c~xv! …

11821ta2xv@2c~xv!#27/2Bn„A22c~xv!…
, ~33!
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where coefficientsAn and Bn are given by Eqs.~A3! and
~A4! in the Appendix.

For each run of calculations, Poisson’s equation~30! in
the void region is solved numerically to determine the el
tric field E(x). This integration is not begun atx50, where
there would be nonphysical accumulations of ion charge
to ui50 there. Instead we assume Eq.~13! for x!xv and
begin the integration at a finite value ofx. Once we have
E(x), we next findc(x) using Eq.~29!, andu(x) using Eq.
~10!.

The boundary conditions at the void boundaryx5xv are
the following: continuity ofE, u, andc at the boundary; the
force balance equation~31!; the charging equation~32! at the
boundary; and the jump condition. The latter condition, e
pressed in Eqs.~28! and ~33!, is a test that determine
whether an equilibrium void can exist.

III. NUMERICAL RESULTS

A. Stationary voids

Numerical results valid inside a void in a dusty arg
plasma are presented in Fig. 5. These show the structur
the potentialc(x), ion velocityM (x), and electric fieldE(x)
in the void. The parameters are dimensionless dust siza
50.01 ~corresponding typically to micron-size particles!,
Ti /Te50.05, and a dimensionless ionization rate 1/x0i
50.15. The solutions are presented beginning atx51.3
where the integration began. The void’s edge is marked
these profiles; its location was found from the boundary c
ditions.

The ions flow from the void center toward the edge. Th
accelerate toward the void boundary. The ions attain a sp
almost exactly equal to the ion acoustic speed, i.e., a M
number of unity, when they reach the boundary. This con
tion is analogous to the Bohm criterion for a collisionle
sheath. The ions are subsonic in the void and sonic as
enter the dust cloud. This result validates the assumptio
superthermal ions used in Eq.~18! in the void region.

The potential in Fig. 5~a! varies smoothly, with a nearly
parabolic dependence onx in most of the void. There are
small oscillations superimposed on the otherwise smo
monotonic shape of the potential profile. These oscillatio
are also apparent in the ion velocity in Fig. 5~a!, but they are
most prominent in the electric field@Fig. 5~c!#. These spatial
oscillations reveal the presence of a stationary ioniza
striation. In a test, we verified that they are suppressed w
ion-neutral collisions are included in the model. The on
conditions where these oscillations pose a problem in
solutions are when the potential fluctuates to a posi
value, so that a solution cannot be found. This problem
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generally avoided by starting the numerical integration a
sufficiently largex.

Near the void edge, the potential and the electric fi
vary rapidly withx. This occurs beyond the point where th
oscillatory regime dies out, e.g., forx.2.8 in Fig. 5.

We varied the ionization rate 1/x0i to find the parameters
where a void can exist, and the dependence of the void
on ionization rate. The results are shown in Fig. 6. We fix
the other parameters, including dust sizea50.01, Ti /Te
50.05, and argon ions. At the extreme of high ionizati
rate, we stopped our parameter scan in Fig. 6 when the
became too small for our method of integration, which beg
at a finite valuex51.3.

There are intermittent regions of parameter space wh
we found no equilibrium void solutions. These are shown
Fig. 6 with shaded boxes. We cannot be certain whether
limitations of our numerical solvers account for these regio
of no solution, or whether there is truly no physical soluti
there. In any case, one would expect that, below a minim
ionization rate, there will not be enough outward ion dr
force to maintain the void. Examining Fig. 6, the minimu
ionization rate is the first data point on the left.

As the ionization rate increases, it generally follows t
scalingxv}x0i . This power-law scaling is easily seen as
constant slope in the log-log plot in Fig. 6. The trend of vo
size diminishing with ionization rate 1/x0i is consistent with
having an ion velocity in the intermediate regime for io
drag shown in Fig. 3. In the collisionless case, the ion vel
ity increases continuously with distance from the void cen
as shown in Fig. 5. This means that the ion drag force
minishes as the ions flow outward. A force balance is
tained when the ion drag force finally becomes as weak
the electrostatic force. This determines the size of the void
higher ionization rate causes a higher potential to deve
between the void and the dust, accelerating the ions t
higher ion velocity in a shorter distance, thereby yielding
smaller void.

This inverse dependence of the void size and ionizat
rate should be compared to the experimental results. B
Samsonov and Goree@4# and Morfill et al. @8# found that the
void size increased when the rf power that sustained the
charge was increased. Recall that the ionization rate
creases exponentially withTe . Our results are consisten
with the experiments only ifTe decreases with the applied
power, but it is not known from the experiments whether t
is true. If there is a disagreement between our result and
experiment, there are two possible explanations. First, i
possible that there truly is a solution to our equations that
numerical solvers failed to find in the leftmost shaded reg
of Fig. 6, and that this solution has a void size that increa
with ionization rate. Second, we have neglected ion-neu
collisions, which would reduce the ion velocity. We have n
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solved the latter problem, so we are unable to say whe
this could lead to a void size that increases with ionizat
rate.

For all the stable void solutions in our parameter scan
Fig. 6, we found that the Mach number of the ion flow w
almost exactly unity at the boundary. This is analogous to
Bohm criterion of a collisionless sheath, except that ther
nothing like an electrode in our model of the dust cloud. In
collisionless sheath, the ion velocity is subsonic in the m
plasma and becomes supersonic in the sheath. Ions then
through the sheath to the electrode. Drawing on a she
analogy, we would say that the ‘‘sheath’’ in a void-du
cloud system is localized inside the dust cloud rather tha
the void. Indeed, the numerical solutions of Ref.@27# showed
that the electric potential drop occurs mostly inside the d
cloud.

FIG. 5. Solutions in the void region showing the spatial profi
of ~a! the normalized electrostatic potentialc, ~b! the normalized
electric fieldE, and ~c! the Mach number of the ion flow. Param
eters assumed werea50.01, Ti /Te50.05, and 1/x0i50.15 in an
argon plasma. The origin atx50 is suppressed in this plot. Th
void edge, determined from the boundary conditions, was foun
be xv52.876. Note that the ion Mach number is almost exac
unity at the void edge. The ion thermal velocity indicated by
dashed line in~b! has a Mach number of 0.376.
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B. Voids that expand or contract with time

By including a moving boundary between the void a
dust cloud, but keeping the void center stationary atx50,
we modeled the problem of a void that can expand or c
tract with time. The motion must be slow enough that t
equilibrium force balance on dust particles is always ma
tained. Under these conditions it is still possible to find t
velocity of the void’s edge, because the force balance
cludes the dust-neutral drag force, which depends on the
velocity.

Results are shown in Fig. 7. The parameters assumed
are a relatively large dust sizea50.1 and a low ionization
rate 1/x0i50.09.

The phase diagram shown in Fig. 7~a! is a plot of velocity
vs position of the void edgexv . This phase diagram revea
a single stable equilibrium void size, where the velocity
the void edgedxv /dt is zero. Smaller voids will grow, be
cause their edge will have a positive velocity. Larger vo
will shrink, with an edge moving with a negative velocit
This ‘‘stationary point’’ feature of the phase diagram w
found for all the parameters we tested. It indicates a sin
stable equilibrium for a given particle size and ionizati
rate. This is a noteworthy result that we compare to exp
mental results in Sec. IV.

Contracting voids with a size larger than a maximum ca
not exist. This maximum size should not be confused w
the maximum size of a stationary void, as in Sec. III A~that
maximum size corresponds to a minimum ionization rate
sustaining the void!. Here we refer to the maximum size of
void that is contracting toward its stationary size. Near
maximum size, the velocity of the void’s edge is alwa
directed inwards, i.e., the void is contracting. The maximu
possible void size for all investigated cases was larger t
the size of a stationary void.

The dust charge in Fig. 7~b! has a maximum for a void
size slightly larger than the stationary void size. The cha
decreases rapidly for voids that are large and shrinking,
near the maximum void size.

to

FIG. 6. Dependence of the void sizexv on the ionization rate
1/x0i within the range 0.1,1/x0i,0.3. Regions where no equilib
rium solution exist are shown with shaded boxes. There are
equilibrium solutions for 1/x0i,0.1 because the ionization rate
too low to produce an outward ion flux adequate to sustain the v
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We repeated these calculations for a wide range of d
size and ionization rate. The equilibrium void size, i.e., t
stationary point on the phase diagram, depends sensitive
the ionization rate. This is shown in Fig. 8~a!, where the
phase diagram curves cross zero at different void sizes,
pending on the ionization rate. Other results, stated brie
were as follows. For smaller dust particles and larger ioni
tion rates, the contracting velocity can be very large wh
the expanding velocities are low. In this case, the dust d
sity jump Pv for a contracting void has a large maximu
value while an expanding void has a smaller jump. For lar
dust sizes and smaller ionization rates, the dust density ju
is much larger for expanding voids than that for the contra
ing void. In this case expanding voids have velocities co

FIG. 7. Solutions for an expanding or contracting void, show
the spatial profiles of~a! the normalized velocity of the void edg
dxv /dt, ~b! the normalized dust chargez at the void edge, and~c!
the jump of the dust number density parameterP at the void edge.
Parameters assumed werea50.1, Ti /Te50.05, and 1/x0i50.09 in
an argon plasma. The phase diagram~a! shows a stationary point
Larger voids contract and smaller voids expand. There is a m
mum size for a contracting void; it occurs where the dust den
jump becomes zero.
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parable to, or lower than, contracting voids. For all cases
expansions or contractions finish at a stationary void size

C. Global void stability

For a stable void to exist, the particle size and ionizat
rate parameters must allow a stable equilibrium. This occ
for some parameters but not all, as shown in Sec. III A. T
condition is not sufficient, however. In addition to having
stable stationary size, the moving size must not be too la
as shown in Sec. II B.

The reason voids larger than the maximum moving s
cannot exist is that the dust particle charge would be
small to allow a force balance. In Fig. 7~c! the dust number
density parameterP at the void edge diminishes rapidly ne
the maximum void size.

A void that is expanding or contracting will not oscillat
about the stationary equilibrium size, but rather will a
proach it asymptotically. This is shown in the time series
Fig. 9, which corresponds to the phase diagram in Fig. 7~a!.
The time required for the expanding or contracting void
approach is typically about unity in our dimensionless un
Using the normalization for time@Eq. ~26!#, this formation
time in physical units is

tv'
di

2

avTn

3Tn

TeAt

nn

n0i
. ~34!

i-
y

FIG. 8. Phase diagrams.~a! As in Fig. 7~a!, but with two addi-
tional curves for different ionization rates. The equilibrium size
the void, indicated by the stationary point, depends on the ion
tion rate.~b! Sketch of the evolution of the system if the ionizatio
rate is changed in steps 122 and 324. Magnified compared to~a!.
The void size expands and contracts in the cycle steps 12223
2421.
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The characteristic timetv in Eq. ~34! is of the order 0.1 sec
for typical experimental parameters:di

2/a'100 mm, vTn

'33104 cm/s, and an ionization fractionn0i /nn
'1027–1026 in argon gas.

D. Oscillation of void size

While the void in the experiment of Morfillet al. @8# was
usually stable, under some operating conditions it underw
a 1.5-Hz relaxation oscillation. This mode was termed
‘‘heartbeat’’ because the particles underwent a throbb
motion like a muscle in a heart. The void repeatedly c
lapsed to a no-void condition, and then returned to the or
nal size. In phase space, this corresponds to a cycle ra
than a stationary point.

The experiment flew on a sounding rocket to provide m
crogravity conditions. This allowed the entire plasma volu
to be filled with dust in a way that would be possible in t
laboratory only by using smaller particles. The rf genera
applied a sinusoidal voltage at the fundamental frequen
and the forward power was regulated as a constant. The
age and current were not regulated, but at the fundame
frequency 13.5 MHz they were observed to remain cons
during the heartbeat. However, the harmonics of the rf on
electrode were observed to be modulated at 1.5 Hz. Th
harmonics are generated by the nonlinear impedance o
plasma. The modulation of the harmonics indicates that so
internal plasma parameter varied with the void size.

It is unknown exactly which internal parameters we
modulated. Here we will speculate how the ionization rate
it was modulated with the void size, could explain the cyc
cal variation of the void size.

The model we have presented includes a fixed ioniza
rate. This is equivalent to assuming a uniform and cons
Te . Because of this assumption, the model is unable to
dict the phase diagram quantitatively if the ionization rate
a gas discharge varies self-consistently as the void size

FIG. 9. Temporal evolution of the void size. These data cor
spond to the phase diagram of Fig. 7~a!, with the same parameters
The upper and lower curves show the evolution of a void with
initial size larger and smaller than the stationary void size, resp
tively. The void size asymptotically approaches the stationary v
size. Time here is normalized as in Eq.~26!.
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pands or contracts. However, we can make a qualitative
diction. We do this using the phase space diagram in F
8~a!, to determine the evolution of the void size if the io
ization rate is changed as an external parameter. Thi
sketched in Fig. 8~b!. We begin at point 1, and then increa
the ionization rate~by increasingTe for example!, doing this
fast enough (t!1) that the system does not follow a
isoionization-rate curve. The void size then expands from
stationary point of one isoionization-rate curve to anoth
1→2. Then we fix the ionization rate, and the void si
expands further along isoionization-rate curve 2→3, until it
reaches a new stationary point 3. Then we decrease the
ization rate back to the original rate, so that the void co
tracts rapidly 3→4 and then 4→1. This completes our
cycle. It illustrates how an ionization rate that varies w
void size can lead to a cycle similar to that observed in
experiment of Morfillet al. It is idealized, and not an exac
simulation of the experiment.

IV. CONCLUSIONS

We have demonstrated that a void is a stable equilibri
in a dusty plasma when there is sufficient ionization. T
void is maintained by a balance of an outward ion drag fo
and an inward electrostatic force.

We developed one-dimensional nonlinear fluid equatio
for both the void and dust cloud regions. These include d
charging, ion drag forces on dust, and an ionization sou
We solved them numerically in the void region, and appli
boundary conditions at the void’s edge, based on the eq
tions in the dust region.

The approximations, particularly our assumption of co
sionless ions, limit the model’s ability to make quantitati
predictions for the experiments, which are always conduc
with significant ion-neutral collisions. Nevertheless, many
the qualitative features of our results are suitable for co
parison to the experiments.

One of our results that agrees with all the reported exp
ments is the existence of a sharp edge at the boundary
tween the void and the surrounding dust cloud. We fou
that this is due to the force balance on a dust particle. P
vided that the dust has a zero kinetic temperature and
particles have a uniform size, the force balance can be s
fied only if there is a discontinuity in the dust number de
sity. There is no discontinuity, however, in the potenti
electric field, ion velocity, or other plasma parameters.

There is always either a single stable equilibrium size
the void, or there is no void at all. In a phase diagram, th
was a single stationary point, if there was any solution at
for a fixed ionization rate. When a void is expanding o
contracting with time, we find that it always asymptotical
approaches the equilibrium stationary size. It does this w
out any oscillations, provided that the ionization rate is h
constant, and it achieves the final equilibrium size fairly ra
idly, on a time scale of about 0.1 sec in the experiments.
the other hand, if the ionization rate in the void varies in tim
in some self-consistent manner with the void size and ot
plasma parameters, it is possible for the void size to oscil
in a repetitive cycle as was observed in the micrograv
experiment of Morfillet al. @8#.
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Our problem resembles in many ways a collisionle
sheath problem. The outward-flowing ions attain a Ma
number of unity when they arrive at the void edge. We d
not attempt to continue our numerical solutions into the d
cloud, although this was done by Tsytovich, Benkadda,
Vladimirov @27#, who neglected ionization but included
second boundary on the other side of the dust cloud.
dust cloud contains the region analogous to a sheath, w
the electric potential has its drop.

The experimental results of Samsonov and Goree@4# and
Morfill et al. @8# indicated that the void size increased wh
the rf power that sustained the discharge was increased
our model, the void size decreases with the ionization r
and therefore decreases withTe . We do not know whether
this result is consistent with the experimental result, sin
there were no measurements ofTe vs rf power made in the
experiments.

One way the model could be improved so that it can
compared more directly to the experiments is by includ
ion-neutral collisions. These would reduce the ion veloc
which in turn would affect the ion drag force, the du
charge, and the electric field at the void boundary. One p
sible approach to including ion-neutral collisions would be
assume mobility-limited ion motion. In a noble gas, the i
velocity scales}E/N for low values ofE/N, whereN is the
neutral gas pressure, but}(E/N)1/2 for higher values@28#.
The transition between these two regimes occurs at the
thermal velocity, which coincidentally is where the ion dr
force undergoes a transition, as shown in Fig. 3.
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APPENDIX: EXPRESSION FOR DUST DENSITY
PARAMETER P IN THE DUST REGION

An expression for the dust density parameterP is found
by substituting Eq.~16! into Eq.~14! and using Eqs.~20! and
~21!. The result is

P5
di

2~n2ne!1ta2@Aw~M !w21Awnwn1An~M !n2#

di
21ta2@Bw~M !w1Bn~M !n#

,

~A1!

where w5v/t, v is the dust velocity with respect to th
neutral gas background, andM is the Mach number of the
ion flow, which at the dust boundary is equal to its value
the void

M252tu2522c. ~A2!

The coefficientsA andB in Eq. ~A1! are
llisions.

is
t every
Aw~M !52
1

z2M2

2M2z1M424z

2z212z1M2z
,

Awn~M !52
1

M4 FL~M !
2z216z2M2z2M4

2z212z1M2
1L* ~M !

4z214M2z1M4

2z212z1M2 G , ~A3!

An~M !5
z2L~M !

M6 FL~M !1L* ~M !
4z214M2z1M4

2z212z1M2 G ,

Bw~M !5
1

zM4 FM2

2z S 11
M2

2z D 2

22L~M !G 2z

2z121M2
,

Bn~M !5
z2

M6 FL2~M !12L~M !L* ~M !
2z1M2

2z121M2
1

M2

2z S 11
M2

2z D S L* ~M !
2z1M2

2z212z1M2z
2L~M !D G , ~A4!

where

L~M !5 lnS di

a D1
M2

2z
1

M4

4z2
, L* ~M !5 lnS di

a D2
M4

4z2
.

Equation~A1! is a generally useful result for the dust density parameter in a plasma, in the absence of ion-neutral co
In the main paper we use it for a specialized purpose, evaluating it only at the boundary of the void,x5xv .

All the expressions above assume equilibrium condition]/]t50. This allows for the possibility that either the dust
stationary, or that it moves so slowly that the dust inertia is insignificant and equilibrium conditions are maintained a
moment.
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